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Abstract

This paper develops a joint test for the exogeneity and the relevance of instrumental
variables using an approach similar to Vuong’s (1989) model selection test. The test
statistic is derived from the likelihood ratio of two competing models: one with exoge-
nous and possibly relevant instruments and the other with irrelevant and even possibly
endogenous instruments. The joint test is asymptotically pivotal under the null hy-
pothesis that the instruments are exogenous and irrelevant, and is consistent against
the alternative hypothesis that the instruments are exogenous and relevant. In contrast,
the probability of rejecting the null decreases as the endogeneity of the instruments gets
severer. Hence, non-rejection of the joint test should be taken as an evidence suggesting
instruments of poor quality. Another salient feature of the test is that its asymptotic
null distribution is the same under both the conventional and the weak instruments as-
ymptotic frameworks, which implies it has better size control than other tests employing

only one particular asymptotic framework such as the overidentifying restrictions test.
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1 Introduction

A set of instrumental variables is said to be relevant if they are correlated with the en-
dogenous regressors and exogenous if uncorrelated with the errors. It is a common practice
in empirical researches to check these two conditions since the standard inference results
on the structural parameters hold only when these conditions hold. The overidentifying
restrictions (OID) test (e.g., Anderson and Rubin, 1949; Sargan, 1958; Basmann, 1960) is
widely used for the exogeneity condition, and the first stage F' and Wald tests are typically
used for the relevance condition (or for the weak instruments). Hall, Rudebusch and Wilcox
(1996) and Stock and Yogo (2005) are more recently developed relevance tests. All afore-
mentioned testing procedures are, however, designed for only one of the two conditions and
there is no test considering both conditions simultaneously. Surprisingly, it has not been
discussed much in the econometrics literature how to combine and interpret these two types
of tests.!

Importantly, the null distribution of the OID test is approximated by the Chi-square
distribution under the implicit assumption that the instruments are relevant and strong.’
As Staiger and Stock (1997) point out, however, the Chi-square distribution is a good ap-
proximation only if the instruments are strongly correlated with the endogenous regressors.
Therefore, without the knowledge of the relevance of the instruments, we cannot be sure
about the legitimacy of the Chi-square approximation. One may consider a two-stage test-
ing procedure—testing for the (weak) relevance first and continuing to test for the exogeneity
if the first stage relevance test rejects no or weak relevance. However, the distribution of
the OID test conditional on the rejection of the relevance test can be quite different from
the unconditional distribution and the literature has not determined, even asymptotically,

what the exact error probability is when we use the conventional critical values. This paper

'Recently, Moreira (2003) among others, propose an inferential method that is robust to arbitrarily
weak instruments. This weak instruments robust inference, however, requires exogenous instruments and
the necessity to check the exogeneity of instruments still remains (e.g., Doko and Dufour, 2008).

In addition, it is also required that the number of instruments is fixed or small relative to the sample
size. Lee and Okui (2009), for example, study nonstandard asymptotic properties of the Sargan test with
many instruments.



presents some Monte Carlo experiment results related to this issue.

The main contribution of this paper is to develop a testing procedure considering the
relevance and exogeneity conditions at the same time. We employ an approach similar to
Vuong’s (1989) model selection test. From a structural equation and its associated reduced
form equation, we consider two competing models: one imposing the instruments to be
exogenous and the other imposing the instruments to be completely irrelevant. Assuming
normality, we show that the likelihood ratio of these two models is equivalent to the differ-
ence of the standard first stage Wald statistic and the OID test statistic. We propose a new
Qrv test based on this likelihood ratio, and it can be viewed as providing a formal way of
interpreting the difference between the commonly used relevance test and the OID test.

More precisely, we set the null hypothesis as the intersection of the two models described
above so that the instruments are exogenous and irrelevant. Then, the Qy statistic is
shown to be asymptotically pivotal under the null hypothesis, whereas it diverges to positive
infinity when the instruments are relevant and exogenous. This implies that the probability
of rejecting the Qv test with a large positive value approaches one as the sample size
grows if the instruments are indeed exogenous and relevant. In contrast, for any given level
of relevance, the probability of rejecting the null hypothesis decreases toward zero as the
endogeneity of the instruments gets severer. Hence, non-rejection of the joint test should
be taken as an evidence suggesting instruments of poor quality.

Another salient feature of our test statistic is that its asymptotic null distribution is
invariant to the asymptotic framework: the limiting distribution is the same under both
the conventional and the Staiger and Stock (1997) weak instruments asymptotic framework.
This is a very important property because it implies that our test has better size control
than other tests employing only one particular asymptotic framework such as the OID test.

One caveat is that the Qy statistic could diverge to positive infinity even when the
instruments are not strictly exogenous to the structural error. A leading case of this instance
is when the instruments slightly violate the exogeneity condition while they retain strong

correlation with the endogenous regressors, so that the asymptotic bias of the instrumental



variables estimator is smaller than that of the ordinary least squares estimator. If a set of
instruments indeed reduces the asymptotic bias relative to the OLS estimator, it is deemed
to be of good quality and the Qv test concludes likewise. Nevertheless, it should be noted
that rejection of the Q)ry test with a large positive value should not be taken as a strong
evidence of completely exogenous and relevant instruments, while non-rejection of the Qry
test should still be taken as an evidence that the set of instruments is of poor quality.
This paper is organized as follows. Section 2 describes the model and the new test
statistic QQry. Section 3 presents the asymptotic properties of the QQry test under the null
and the alternative hypotheses. Section 4 contains Monte Carlo experiment results. Section
5 concludes with some remarks. All the technical proofs and simulation results are provided

in Appendix.

2 Model and Test Statistic

We consider a structural equation and an associated reduced form equation given by

y = YB+Xa+e (1)

Y = ZI+X®+V, (2)

where y is a T' x 1 vector, Y is a T' x n matrix of n endogenous variables, X is a T' x Kj
matrix of (included) exogenous variables, and Z is a T' x Ky matrix of (excluded) exogenous
variables to be used as instruments. The number of instruments, Ko, satisfies n < Ko < T
and it is assumed to be fixed. € and V are, respectively, a T' x 1 vector and a T' x n matrix
of random disturbances.

In the standard setup, the set of instrumental variables, Z, is assumed to be uncorrelated
with both € and V, so that Y is correlated with ¢ only through the correlation between
¢ and V. We, however, allow for a more general framework using the following structure,

under which Z and e could be also correlated.?

#*Since we consider a linear system given by (1) and (2), we naturally assume linear correlation between



Assumption 1 ¢ = Zw+u in (1), where u is correlated with V.

Using Assumption 1, we can rewrite the structural equation (1) as (e.g., Basmann, 1960)
y=YB+ Xa+ Zw+ u. (3)

In this specification, the set of instrumental variables Z is exogenous if w = 0 so that it is
orthogonal to the structural error €. Z is relevant if II # 0 or more precisely II is of full
column rank, and thus correlations between the instruments and the endogenous regressors

are nonzero. Based on (3), we can rewrite the model in a system of equations given by

_ 1 0 w 1I _
Y +V, (4)

Il
N
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where I,, is the identity matrix with rank n, Y = [y, Y], V = [u,V] and Z = [Z, X]. If we
define Py = W(W'W)~'W' and My = I — Py for any matrix W, we can project out X
from (2) and (3) to have y* = Y13+ Ztw +ut and Y+ = ZHT + VL where AL = Mx A
for any matrix A.

The main interest of this paper is to develop a joint test for the exogeneity and the
relevance of a set of instruments by considering the two conditions at the same time: w =0
and II # 0.* Obviously, it is difficult to test such a composite hypothesis in the standard
testing framework. We instead take an approach similar to the model selection test of Vuong

(1989).

Z and € here. However, this assumption is not overly restrictive because we assume no correlation under
the null hypothesis and the linearity does not play any role in deriving the asymptotic null distribution of
our test statistic.

Tt may also be interesting to test for the exogeneity (i.e., w = 0) and strength of instruments. The
distinction between weak and strong instruments is typically formulated under the local-to-zero asymptotics
and testing for the strength should also be done under the same asymptotics (e.g., Stock and Yogo, 2005).
However, this approach induces nuisance parameters in the limiting distribution of the test statistic that we
propose and makes the test unattractive.



To this end, we consider the following two non-nested models:

_[ 1 0 _ (0 II _
Model p,, : Y =7 +V;
-6 I, «
(1 0 _(w O _
Model p : Y =Z +V
-8 I a ¢

The first model p, is (4) with a restriction w = 0, whereas the second model pu is (4) with
a restriction II = 0. Note that under the first model p,,, the instruments are exogenous
though its relevance is left unspecified. Under the second model pp, the instruments are
irrelevant and could be even endogenous depending on the value of w. The key idea is that
the likelihood ratio between the two models, 1, and pp, can be used as a model selection

test. Formally, we set the null hypothesis as

Hp:w=0andII =0, (5)

which implies that two specifications are equally close to the true data generating model.

When the null hypothesis is rejected in favor of the alternative hypothesis

Hi:w=0and II#0 (6)

(i.e., the first specification p,, is closer to the true model), we may expect the set of instru-
ments to be exogenous and relevant or likely to be so. It should be noted that there is an
important difference between Vuong’s (1989) approach and ours. For Vuong’s (1989) model
selection test, two competing models are equally important, and each model is required to
have a unique value of the model parameter vector that minimizes the Kullback-Leibler
distance to the true distribution. Because of this condition, Vuong’s (1989) test can select
the model closer to the true distribution with probability approaching one as the sample

size grows. In our setup, the model pu does not satisfy this condition because some parame-



ters are not properly identified. However, this lack of identification in the model pg is not
critical because it is of little interest to differentiate the model ppy from the null hypothesis
Hy. In other words, the main purpose of the test in this paper is not selecting a model
between p,, and pp but to reject the null hypothesis Hy in favor of the model p,,.

To derive a test statistic, we assume that (uz, V)| Z;, Xy ~ i.i.d.N'(0,X),> where

5 Ouu 2V

Yvu 2vy

with X, (= X{,) # 0 and the partition is conformable with (u, V})’. The likelihood
function is denoted as L(6) with 6 = (8, w’, vec(I1), vec(®)', vec(X)")'. Then, the likelihood

ratio between the non-nested models p,, and py can be derived as

2L = 2 log L(6) — 2 log L

R max log L(0) — 2 max log L(6)
1 1, -

= T <log I, + TGT —log(1 + T¢(5L1ML))>

~ tr(Gr) — ¢(Brin); (7)

where ¢r (-) is the trace operator, BLIML is the standard LIML estimator,

gt'p, et

&H—1/2 &H—1/2 >
GT = EVV/ (YL,PZLYL> ZVV/ and ¢(/3LIML) = W

(8)
with Syy = YV M, YL /T, 6+ = g+ — Y3, 1. The detailed derivation of (7) is given
in Appendix. Notice that the first component of (7), tr (Gr), is nothing but the Wald
statistic testing for II = 0. The commonly used first stage F' statistic is equivalent to
this statistic when there is only one endogenous regressor; Hall, Rudebusch and Wilcox’s
(1996), and Stock and Yogo’s (2005) statistics are its variants. On the other hand, the
second component of (7), ¢(B1az), is the standard overidentifying restrictions (OID) test

statistic. For example, it is Anderson-Rubin (1949) statistic when the true value of g is used

>The normality assumption is not needed for our main asymptotic results presented in the next section.



instead of /3 vz and is the Basmann’s (1960) OID test when the two stage least squares
(TSLS) estimator Brg; g is used.

From the model selection point of view, a large positive value of the LR statistic in
(7) indicates that the model p,, has a Kullback-Leibler distance to the true model smaller
than that of the model pp. In addition, as the sample size grows, we can show the LR
statistic tends to positive infinity when the model p,, is true with II # 0, whereas it shifts
to the opposite direction if the model pp is true with w # 0. Under the intersection of
the two models (i.e., both w = 0 and II = 0), the LR statistic is asymptotically pivotal as
Theorem 1 in the following section. It is thus natural to consider a testing procedure which
concludes that a given set of instruments is closer to being exogenous and relevant (i.e., of
good quality) when the LR in (7) takes a large positive value.

The new joint test statistic developed in this paper has basically the same structure
as the LR statistic in (7). Specifically, the test statistic (on the quality of instrumental

variables: Qry) that we consider is defined as’
Qv = Amin (GT) — 6(B(kr)), (9)

where Apip (+) is the minimum eigenvalue of a given matrix and
. - - 1
G = SN (YHPuY )/ with Svy = Sy
g Py et

o(B(kr)) = M, 2T with &+ = y* — YB(kr).
ZL

Here we compute the covariance matrix of the reduced form error V' with assuming II = 0.

B(kr) is the standard k-class estimator defined as

Blkr) = (Y (Ir — kp My )Y )Y (Ip — kpM )yt (10)

6Tt should be noted that we need more number of instruments than the number of endogenous regressors
because the test statistic Qv uses the OID test statistic.



in which k7 = 1 for the TSLS estimator; kr = l;:T for the LIML estimator; and kp =
kr —1/(T — Ky — K3) for the Fuller-k estimator with k7 being the smallest root satisfying
|Y'MxY — krY'MzY| = 0. Note that G and Gy are asymptotically equivalent if IT = 0,
and Apin(G7) is the test statistic for instrument weakness suggested by Stock and Yogo
(2005), which is based on Cragg and Donald’s (1993) statistic. An interesting point is that
the new test statistic Qry can be interpreted as the difference between a relevant (or weak)
instrument test statistic and the standard OID test statistic. Our test procedure can also
be viewed as providing a formal way of interpreting the difference between the commonly

used relevance test and the OID test.

Remark 1 One reason to consider the minimum eigenvalue in (9) instead of the sum of all
eigenvalues given by the trace operator in (7) is, as discussed by Hall, Rudebusch and Wilcox
(1996), that testing the significance of A\pin(G,,) is equivalent to testing the significance of
the smallest canonical correlation between Y and Z. If the smallest canonical correlation
is not significantly different from zero then the predicted Y from the first stage regression
(2) is likely to be rank deficient, which will yield lack of identification in the second stage

regression (1).

3 Asymptotic Results

We first derive the asymptotic distribution of the Qy statistic (9) under the null hypothesis

(5). We let p= E;yzﬁvua&}ﬂ and Q = Sz; — SZXS)_(ﬁ(SXZ, where

_ S S
S—E(27]) - 77 OXzZ

Szx Sxx

with Z] being the t-th row of Z and Syx = S%,. We make the high level assumptions
following Staiger and Stock (1997).



Assumption 2 (a) T-W'V 2 % and T7'Z’Z % S as T — oo, where both ¥ and S
are positive definite and finite. (b)) (X'u, Z'u, X'V, Z'V)/NT A (Yxu, Vzu, Yxv,¥zv)
as T — oo, where (U, V', vec(¥xy) vec(¥zy)) ~N(0,Z®S).

Based on Assumption 2, we also define Gaussian random matrices z, = Qv 2(\1' Tu —
SZXs)_{AIX\Iqu)J;&/Z and y = 971/2(\1/2\/ — SZ)(S)_(_IX‘I/X\/)E‘_/%//Q so that (Z;, ’UCC(Z\/)/>/ ~
N (O,E ® 1 Kz) with ¥ = (; Ip;) The first theorem derives the asymptotic distribution of

the @y statistic under the null hypothesis (5).

Theorem 1 We supposew = 0 and Il = 0. Under Assumptions 1 and 2, kK = T(I%T—l) <,
k* as T — oo, where k* is the smallest root satisfying |(n,zv) (n,2v) — £* 41| = 0 and

n=(zu—2vp) /VI—=p'p so that (0 ,vec(zv)') ~ N (0,1 ,11)k,). Furthermore,

' (I, — 2v(zp2v — k) "' 21)%n
1+ 02y (2 2v — k1) 72201

d
Qrv = Q% = Amin(2},2v) —

)

where k = 0 for the TSLS estimator; k = k* for the LIML estimator; and k = k* — 1 for

the Fuller-k estimator.

Although the Qry test does not conform to the standard maximum likelihood ratio test,
its limiting null distribution is nuisance parameter free (i.e., the Wilks phenomenon). It
depends only on the number of instrumental variables (K3) and the number of endogenous
regressors (n). Tables 1.A to 1.C in Appendix report the relevant quantiles of Q(}V. It is also
evident from Theorem 1 that the LR statistic in (7) is asymptotically pivotal. The following
theorem derives the asymptotic behavior of the Qry statistic under various hypotheses

including the alternative hypothesis (6).

Theorem 2 Under Assumptions 1 and 2, as T — oo we have the following asymptotic
results:

(i) Ifw=0 and I1 # 0, then Qry % .



W) Ifw#0 and I1 =0, then kp =T I%T —1) = 0,(1). Moreover, let kp LA K*, then
P

QY (IK2 — zv(zy 2y — nIn)_lz{,)Q OY2y
WY 2y (2 2y — K,) 220,01 2w ’

(11)

d
QIV - Q‘}JV = Amin(z{/z\/) -

where k = 0 for the TSLS estimator; k = k* for the LIML estimator; and k = k* — 1 for
the Fuller-k estimator.

(iii) If w # 0 and 11 # 0, then kr 5 k* with k* being the smallest root satisfying
0 — (k* — 1)X| = 0 with © = (2% <) 4y

(w—T1Ib (kz)), Q(w—T1Ib(k))
Ouu + b (k‘), Yyvb (ki) —2X,vb (k‘)

plimTﬂw% = Amin (I'QII + Syy) ' II'QIT) —

» (12)

where b (k) = plimg_ . (B(kr) — B) = (IVQIL — kXyy) " (ITQw — kXvy) with k=0 for the
TSLS estimator; and k = k™ — 1 for the LIML and the Fuller-k estimators.

Theorem 2-(i) indicates that the @y statistic diverges to positive infinity with exogenous
and relevant instruments (i.e., under H; in (6)), and thus the probability to reject the null
hypothesis approaches one as the sample size grows. This result is the basic building block
of our new test Qry: we reject Hy (i.e., w = 0 and II = 0) in favor of H; (i.e., w = 0 and
IT # 0) if Qv is large enough. Furthermore, Monte Carlo experiments indicate that the
distribution of Qv shifts to the left when w # 0 and II = 0 (i.e., %, in (11) has smaller
quantiles than Q?V uniformly over w) and the probability to erroneously reject Hy in favor
of Hi remains under the controlled level, though it does not diverge to the negative infinity
as the sample size grows. In addition, ()%, does not depend on the degree of endogeneity p.
Theorem 2-(iii) shows that, for any given II, plim;_, . 7T 'Qy decreases as ||w|| increases
except for some pathological cases. Then the implication from the view point of the Bahadur
efficiency is that the probability of rejecting the null hypothesis decreases toward zero as
the endogeneity of the instruments gets severer. See Section 4 for the relevant simulation
results.

One caveat is that Theorem 2-(iii) implies the @y statistic could diverge to positive in-

10



finity if plimy_, . T~ 'Qy > 0, even when the instruments are correlated with the structural
error (w # 0) as long as they are correlated strongly enough with the endogenous regressors
(IT # 0). Therefore, it is important to emphasize that rejection of the Qry test with a
large positive value should not be taken as a strong evidence of good instruments. Rather,
non-rejection of the @y test should be taken as an evidence that the set of instruments is
of poor quality.

However, the sign of plim;_, . T Qv is not completely arbitrary. For example, we

consider the TSLS estimator Spgrg for B(kr). Then, plimy . T~ 'Qry > 0 if and only if

Amin (A'A) - W'Qw + b (0)' TI'QIIH (0) — 2w'QIIb (0)
1+ )‘min (A,A) Oyu + b (O)/ EVVb (O) - 2§3qu (0)
W' Qw — W OQII(TTQIT) T Qw
Oun — 2%,y (IVQID) T Qw + 2wQII(IVQID) ~ 1y (ITOQID) T Qw
&' MaE

= 1— Qp'(A'A)flAlg + EIA(A’A)*ZAf (13)

from (12), where A = Ql/QHZ‘_/%/ﬂ, = OY200,0"% and My = I, — A(NA)"' A, Note
that, given 2 and ¥, the inequality (13) is more likely to hold when ||¢]| is very small
(i.e., w is close to zero) and the smallest eigenvalue of the concentration matrix A’A =
Z‘_/%,/ 1 QHZ‘_/%// %is large enough (i.e., IT is of full rank and its elements considerably deviate
from zero). In other words, Qv is more likely to have large positive value when the violation
of the exogeneity is not that severe (if any) and the instruments are strong enough to offset
the endogeneity problem. Therefore, in this case, the @y test concludes that the given
set of instruments is good to use for the TSLS. On the other hand, when w considerably
deviates from zero or Apin(A’A) is very small (i.e., the exogeneity is severely violated or the
instruments are too weak), the inequality (13) is very unlikely. Of course, if we need to find
some conditions to make the inequality hold in such cases, the range of p needs to be very

much restricted.

Remark 2 The sign of plim,_, T~ 'Qy is roughly linked to the relative magnitude of

the biases between the instrument-based estimator j3 (kr) and the OLS estimator BO LS"

11



plimp_,  T~'Qpy is more likely positive when the asymptotic bias of B (k7) is smaller than
that of BO s in absolute values (i.e., the instruments works properly to reduce the endo-
geneity problem). More precisely, for plimT_)ooBO Ls— B =AU+ Syy) HIT'Qw + Sy, ),
the relative magnitude of the asymptotic biases between BTS g and Bo 1,5 With respect to

I'QIT is given by’

(/BTSLS — 5)/(]]/91_—[) (5TSLS — 6)
(Bors — B I (Bors — B)
_ W QIL(ITQIT) ~ T Qu
C(WOIL+ 3, ) (IVOQIL + Xy ) L IVQID) (IVQIL + Sy )~ HIVQw + Sy,
_ ' Paé
 p'Bap+20'BANE + EABAN'E

R = plimy_,

(14)

where Py = A (A'A) ' A and By = (NA + 1,)"Y(AA)(N'A + 1,,)~L. If we suppose none
of & Pp¢ and &' MAE is zero, then both expressions in (13) and (14) are more likely to be
small as ||| — 0. It thus suggests that for a given pair of (p,A), small-enough & will
satisfy the inequality in (13), which is also likely to satisfy Ry < 1 as well (i.e., TSLS has
a smaller bias than OLS) since Apin(A’A)/(1 + Amin(A’A)) < 1. In this sense, the sign of
plimy_, T7'Qry is related to the relative bias Rj,. Therefore, when a set of instruments
slightly violates the exogeneity condition but its correlation with the endogenous regressors
remains strong enough, so that the asymptotic bias of the instrumental variables estimator
is smaller than that of the ordinary least squares estimator, the quality of the instruments

should be deemed to be good enough and the Qy test concludes to that direction.

Remark 3 As extreme cases, if A’§ = 0, BTS s has no asymptotic bias but we do not
necessarily conclude that the instruments are valid. This implies that the @y test is
unnecessarily tough. If £ is in the range space of A (or equivalently w = Ilc for some vector
¢), however, we always conclude that the instruments are valid even when w # 0 regardless

of the relative bias. The standard OID tests share the same feature so that it has no power

"It is similar to the relative magnitude of the biases with respect to Y'Y+ (e.g., Stock and Yogo, 2005).
Note that YL'YL/T 2 I'QIL 4+ Syv and IIQII corresponds to the pure signal from the instruments.

12



against such a violation of the exogeneity condition (e.g., Newey, 1985).

Remark 4 One may think that the null hypothesis in (5) is also testable by testing for
the significance of the coefficient from the regression of y~ on Zt, because y- = Z-(II3 +
w) + V4B 4wt from (1) and (2). However, this test delivers far less information on the
quality of the instruments than the Q7 test does. First, the exact null hypothesis of the
significance test is II + w = 0 in this case, which can hold even when the null hypothesis
(5) does not hold. Second, when IT = 0 and w # 0, the significance test is consistent and
this is an extremely undesirable property. Third, when II # 0 and w # 0, the effect of w on
the power of the significance test is obscure. Hence, both the rejection and non-rejection of

the significance test are difficult to interpret in relation to the quality of the instruments.

Remark 5 Rejection of the Qry test is suggestive of the correlation between the instru-
ments and the endogenous variables. A similar conclusion may be obtained from the first
stage F' test. However, an important difference is that the rejection of the first stage F' test
implies the correlation without any consideration of the endogeneity while rejection of the

Qv test implies the correlation that is strong enough to offset the endogeneity.

Finally, in order to investigate the local power property of the test statistic Qry, we

further assume the following local-to-zero assumptions similarly as Staiger and Stock (1997).
Assumption 3 w = d/vT and 11 = C/\/T for some 0 < d,C < oc.

One of the novelties of the Qry statistic is that its limiting distribution under w = 0
and II = 0 is invariant to the asymptotic framework. That is, the limiting distribution
is the same either under the conventional or under Staiger and Stock’s weak instruments
framework. This is a very important feature because the error probabilities of our test is
controlled much better than other tests employing only one particular asymptotic framework

such as the OID test.

13



Theorem 3 Under Assumptions 1, 2 and 3, we have Qry LA QZI‘{E as T — oo, where

(zu — (2v + Ac)A¢(k)) (20 — (2v + Ac)Ag(k))
1=2p'A¢(k) + Ag(r) Ag(r) ’

lIO& = )\min((ZV + Ac)I(ZV + Ac)) —

Ae(r) = ((2v + M) (zv + Ac) — k1) [(zv + Ao (2 + €0) — kpl, Ac = QY2051
and £; = Ql/QdO';j/% k = 0 for the TSLS estimator; k = &* for the LIML estima-
tor; and Kk = k* — 1 for the Fuller-k estimator with x* being the smallest root satisfying

|(zu + €4y 2v + Ac) (2u + €g 2v + Ac) = £°E[ = 0.

Obviously, QZI"‘E depends on a nuisance parameter p unless w = 0 and II = 0. Furthermore,

if there are multiple endogenous variables (n > 2), lﬁ? depend on all the eigenvalues of
A Ac, as Stock and Yogo (2005) point out. Therefore, this asymptotic distribution cannot
be directly used for inferences. See Section 4 where we report the local power of the Qry

test obtained from simulating Q.

4 Monte Carlo Simulation

4.1 Null rejection probability of the standard OID test

In this subsection, we demonstrate via Monte Carlo experiments the difficulties arising
when the relevance test and exogeneity test are used in the conventional manner. First,
we show the dependence of the limiting null distribution of the standard OID test on the
correlation between the instruments and endogenous variables. In particular, the size of the
OID test can depart from the nominal level by a large margin when the correlation between
the instruments and endogenous variables is weak. One may consider a two-stage testing
procedure—testing for the relevance first and continuing to test for the exogeneity if the first
stage relevance test rejects no or weak relevance. In this case, we show that the dependence
on the instrumental strength gets intensified, which causes even larger size distortion of the
OID test.

Let ¢(B(kr)) and Amin(Gr) be the standard OID test and Stock and Yogo’s (2005) weak

14



instruments test, respectively, as defined in (8), where 3(kr) is the k-class estimator as in
(10). From Theorem 3, the limit expressions for these statistics are
d (zu = (2v + Ac)Ag (%)) (2u = (2v + Ac)Ag(r))
1-— 2p’A£(H) + Ag(l@)/Ag(K;)
d
Amin (GT) — 0o = )\min((ZV + AC)/(ZV + AC)) (16)

BN
E>
Gy
b
l
-

8
Il
_
=

with £; = 0. We simulate the limiting quantities ¢, and g, in order to avoid any other
finite sample complications.

Tables 2.A and 2.B. in Appendix report the rejection probabilities of the OID test,
where Tables 2.A is based on the TSLS estimator and Tables 2.B is based on the Fuller-k
estimator. The case of one endogenous regressor (n = 1) and 3, 9 instrumental variables
(K2 = 3,9) are presented but the results remain qualitatively unchanged for other values
of n and Ks. For each value of K5, there are two columns: “rej.” and “uncond.” Each of
these two columns corresponds to the rejection probabilities of the OID test ¢, conditional
on the rejection of the first-stage weak IV test goo (i-€., P(dsy > X%an,o.oﬂgoo rejects)) and
unconditionally (i.e., P(¢o, > X%(Q—n,o.%))? respectively. Note that the first-stage weak IV
tests using (16) are based on the 10% TSLS/Fuller-k bias (see Stock and Yogo, 2005, for
the precise definition) at the 5% significance level. The second-stage OID tests using (15)
are based on the Chi-square distribution. Three values of Ai;Ac are simulated:® 0.5, 0.8,
and 1.2 times of A}, where Ay, is the boundary value for the weak instruments set based
on the 10% TSLS/Fuller-k bias. Hence, the cases of 0.5 and 0.8 correspond to the weak
instruments, while 1.2 to the strong instruments. For each value of AizA¢, different degrees
of endogeneity p = 0.1, 0.3, 0.5, 0.8 and 1.0 are considered.

The first observation in Table 2.A is that the size distortion of ¢, increases (e.g., see the
“uncond.” columns) as the instruments get weaker, which shows the danger of applying the

standard OID test without knowing the strength of the instruments. Note that the actual

sizes vary from less than 4% to more than 20% when the instruments are weakly correlated

8 AL A¢ is the weak instrument limit of the concentration matrix E;%/?H/ZL/ZLHE(/%,/Q.

15



with the endogenous variables. The second observation is that the sequential procedure
creates more size distortion in that the rejection probabilities of ¢, conditional on the
rejection of g, is always greater than their unconditional counterparts. Also, the size of
¢ 1s very liberal near p = 1, while it is mildly conservative near p = 0. Table 2.B reports
the results obtained using the Fuller-k estimator instead of the TSLS estimator. Overall,
Table 2.B exhibits a great deal of similarity to Table 2.A and the general conclusions from
Table 2.A remain valid. One notable difference is that the largest size distortion is not

associated with p =1 but with p = 0.1.

4.2 Size and power properties of the (), test

We also conduct Monte Carlo experiments for the finite sample size and power of the Qv

test. The model we simulate is based on (2) and (3) without X:

y=Yf+Zw+u and Y =ZI1+V.

We consider the number of endogenous variables n = 1, 2, 3 and the number of instruments

Ky =n+1,n+ 3, n+5. The errors (u, V/)" are specified as

U = e¢ + EIVuEt and ‘/t = Et,

where (e, E}) ~ 1.i.d. N(0, I,,+1) and Xy, is a vector of ones multiplied by 0.5/y/n. Z; is
from a multivariate normal with unit mean and identity variance covariance matrix. Also,
we let 5 = 0 since the Qry test is exactly invariant to the value of 5. The number of
replications is 5,000. The sample size is T' = 50, 100, 200 and 300.

For the finite sample size simulation, we assume w = 0 and II = 0. The results are
reported in Tables 3.A and 3.B. For any sample size T', the Qv test shows that actual sizes
are very close to the nominal 5% whether it is based on the TSLS or Fuller-k estimator.

For the finite sample power simulation, we set w = 0 and II = 0.255,, k,, where the

columns of Z, i, are a set of orthonormalized vectors which are randomly selected from
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a uniform distribution for each value of n and Ks. Tables 4.A and 4.B report the results.
They show that the probability rejecting the null hypothesis (Hp : w = 0 and I = 0) with a
large positive value of @y quickly approaches one as the sample size grows. The last power
experiments assume Il = 0 while w is a vector of zeros except for the last element, which
is equal to 0.5. This particular shape of w reflects that only one or two instruments violate
the exogeneity condition, which is very likely if the researcher is careful enough. Tables 5.A
and 5.B show that the rejection probabilities are much smaller than the nominal 5% for all
n and Ks. The last row in Table 5.A corresponds to the limiting case which are obtained
from simulating Q)},, given in Theorem 2. Note that the power does not collapse to zero
because @1y does not diverge to the negative infinity.

Finally, we simulate QZIO& to see the local power of the @y test. Qlﬁ? depends on p and
we consider three cases: p is proportional to a vector of ones with ||p|| = 0.2, 0.5 and 0.8.
We present only the results of the Fuller-k estimator since the TSLS and LIML estimators
give very similar results. Also, the results are quite stable across different pairs of (n, K3)
and we report three cases (n, K2) = (1,3), (2,5), and (3,7). The number of replications is
20,000.

Figure 1.A shows the results when w = 0 but II = C/v/T as C gets away from zero.
More precisely, we let £; = 0 and A¢ = cE, k,, where c varies from 0 to 5. In all cases,
the power increases toward one as |c| increases. Figure 1.B, on the other hand, shows
the results when II = 0 but w = d/VT as d gets away from zero. We let Ac = 0 and
£4=10,...,0,g,), where {y, varies from 0 to 5. In all cases, the power decreases toward
zero as |, | increases. Lastly, Figure 1.C shows the results when w = d/VT and I = C/V/T
as both d and C' get away from zero. We again set Ac = cZ, k, and {; = (0,...,0,{x,)’,
where ¢ varies from 0 to 5 and {, from 0 to 25. Since it is somewhat difficult to display
multiple surfaces distinctively, we report only the case when ||p|| = 0.5. But the results
have great resemblance across the values of ||p||. The power decreases toward zero as {,
increases for any given value of ¢, while it increases toward one as ¢ increases for any

given value of ., . Also, the larger c is, the larger value of {, is required for the local
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asymptotic power to be non-trivial. This points out the fact that the Qry tests rejects
the null hypothesis only when the correlation between the instrumental variables and the
endogenous variables is strong enough to offset the correlation between the instrumental

variables and the structural errors.

5 Conclusion

A joint test for the IV relevance and the exogeneity conditions is proposed using an approach
similar to Vuong’s (1989) model selection test. In particular, the test statistic is derived
from two competing models: one imposing the instruments to be exogenous and the other
imposing the instruments to be completely irrelevant. The likelihood ratio of these two
models is shown to be equivalent to the difference of the standard first stage Wald statistic
and the OID test statistic.

The proposed Qv test is based on this likelihood ratio. The null hypothesis is set to be
the intersection of the two models described above so that the instruments are exogenous
and irrelevant. Then, the Qv statistic is shown to be asymptotically pivotal under the null
hypothesis, and is consistent against the alternative hypothesis that the instruments are
relevant and exogenous. On the contrary, the probability of rejecting the null decreases as
the endogeneity of the instruments gets severer. This result implies that non-rejection of the
Qrv test should be taken as an evidence that the set of instruments is of questionable quality.
It should be noted that, however, the )7y statistic could reject the null hypothesis even if
the instruments are not strictly exogenous to the structural error. Therefore, rejection of the
Qv test should not be taken as a strong evidence of exact exogeneity, while the rejection
still tells the instruments to be of good quality in the sense that the TSLS estimator based

on these instruments is likely to have smaller asymptotic bias relative to the OLS estimator.
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Appendix

A.1 Mathematical Proofs

Derivation of the Likelihood Ratio (7) First, we impose w = 0 and write the log-
likelihood as

J_/eJ_

T
lOgL(G) = _*10g|0uu‘_ €

2 Ouu

T 1
5 log Sy, | — 5tr [(YL —ZM—¢ 5) Sob (v =zt - eié’)] ,

where - =y —Y18, 6 = Sy /oy and By = Svv—EviZuv /0w = SVE (I, — pp) SU2.

We denote the estimates obtained imposing w = 0 Wlth a subscrlpt 0. From the first order

conditions, we obtain 0,0 = el’aL/T where ¢+ =y — Y+ BLIML, and
5o = (YJ_ AN ) Letelyt =yl et vy, et) !
ﬂO _ (ZJ_IZJ_)—lzj_l(YJ_ o éj_gi)) _ (ZJ_IZJ_>—1ZJ_I(YJ_ AJ_ J_/M YJ_( M L& ) 1)
. 1 ) N/ . N
Svwo = 7 (YL — 7M1, - éL(sg) (Yl — 7M1 - g—%sg)
1 1
= leMZLYi - TYL’MZLéL(éL’MZLéL)_léL’MZLYL.
Note that
Sytuo] = o [FVVM V| = |l v
V0u,0 Z éJJMzL é‘J‘ Tn Z AJJMzL é.J_ ’
where I’ = ( BluML In) We then have (up to a constant addition)
T R .
max log L(#) = ——log (]JW ol ‘EV\uo )
0:w=0 2 ’ ’
T et 1 _
—— (S
2 0g <éJJMzL éJ‘ Tn+1 zZ+
T 1 - T 1 _
= —5log(l+ 5¢(Brimr)) — 5 log fYL/MZlYL
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Now, we impose II = 0 and write

T 1
log L() = —§log‘au|v‘—

!/
5 (yJ__ZJ_w_YJ_SO) <yJ__ZJ_w_YJ_(p>
OV

T 1
—5 log[Syv| = 5tr iyt

where ¢ = v + [, OulV = Ouu — ZUVZ‘_/%/EVU and v = Z‘_/%/Zvu. We use a subscript 1 to
all estimates obtained with Il = 0 restriction. Similarly as the first case, we have

A 1
Svva = YUY
a}l — (ZleL)—lzJJ (yL _ YLCDl) — (ZleL)—lzJJ (yL _ YL(yL/MZlyl)—lyJJMZlyL)
Sbl — (YJ_IyJ_)flyJ_/ <yJ_ . ZJ_(I)l) — (YJ_/MZLyJ_)flyJ_/MZLyJ_
. 1 . ) . .
vy = 7 (vt - Zre = vEe) (vt - 7t - vie)
Lo I, ey Ly—1yrLs L LY YMy Y
= T’y MzLy —T’y MzLY (Y Mziy ) Y MzLy :TW
Moreover,
2 _ 1 YL/yL _ 1 YJJM YL YL/P YL
VVil = = T A + 7L
1 1
1 1 1 1
= o [+ G ‘Y M,y

which yields (up to a constant addition)

T N
%zg)logl/(ﬁ) = *Elog(‘gﬁV,l‘

T 1 _
= —5log <’TW’J\4ZJL

i)

1
I, +—=
+ TGT

)2

).
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Therefore, the LR statistic can be derived as
2LR = 2 max log L(0) — 2 Iax log L(0)
1 1,5
=T <log In + fGT —log(1 + T¢(/3LIML))>

~ tr(Gr) = ¢(BrivL)s

where the last approximation is valid since, by construction, ||Gr| is small under II = 0
and so is ¢(Brrp) under w =0. W

Proof of Theorem 1 This is a special case of Theorem 3 with C' = 0 and d = 0. Note
that z, = (1 — p'p)/?n+ zyp and

Bolk) = (ozv — kD) (2 — rp)
= p+ 1 —p )22y — kD) 2,

which implies

2 —2vBo(r) = (L=p'p) 21 = 2v (e — kD)2
Ao(r)Ao(r) = pp+ (1 =pp)n2v(zzy — “I)_2Z(/’7l +2(1=p'p)' 20 22y — KI) 2y
PAo(K) = pp+ (1 —pp)V2 (Zzy — kD) 2.
Therefore,

(zu — 2vA0(K)) (zu — 2vA0(K))
1-— 2,0/A0(/£) + Ao(fi),Ao(/ﬁi) ’

d
Qrv — Amin(2y2v) —

in which the second component is given by

(2 — 2v Do (8)) (2u — 2vDo(k)) _ (1= p'p)n'(I — 2v(zy2v — KI) M2
1 —2pAg(k) + Ao(k) Ao (k) L—pp+ 1= pp)nzv(zyzy —kI)™

)
2,

7

where x = 0 for the TSLS estimator; x = x* for the LIML estimator; and k = £* —1 for the
Fuller-k estimator with x* being the smallest root satisfying |(zy, 2v) (zu, 2v) — £*X| = 0.
Note that ’(ZU7ZV)/(ZU,ZV) - K'*Z‘ = ‘D/<nan)/<nan)D - ’%*DID‘ = |(777 Z\/)/(n? ZV) -
K Lys1] = 0, where D = (170" 0 ) m

Proof of Theorem 2 Part (i) is trivial and omitted. For part (ii), the limit of the first
component Amin (_G%) is the same as in Theorem 1. For the second component, since the roots
of [Y MY+ — kpY Y M, Y| = 0 are the same as those of | J'Y YT — kpJ Y M, Y+ J| =
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0 with J = (_15 ?n), we consider
0 = |JYYYHT —kp ' YY M, VT
_ _ . 1 - _
= | JYYP YT —T(ky - I)TJ’YL’MZLYLJ\
SV Y p, YR ST — k],

where rp is the smallest root and ¥ = T-1J'Y M, VLJ. Under w # 0 and II = 0, we
have ¥ = T 1YY M, Y+ J £ 5 and we can write

Py YtJ =Pyifyt, YT = [Z1w,0] + [Pyiut, P, V] = Ay + As.

Note that )\min(i]_l/Q’A’lAlil_l/Q) = 0 for all 7. We denote by vy, the eigenvector of
271/2'14’11412’1/2 corresponding to the zero eigenvalue. Also, ZA]’l/Q'A'ZAQXA)AM = 0p(1),
which implies that the largest eigenvalue of %52 A, 453712 is O,(1) as well. We let v 4,
be the eigenvector of S/ A'QAgf]*l/ 2 corresponding to the largest eigenvalue. Let v be the
eigenvector of X~V J'Y P, Y1 J571/2 associated with kp. Then, for a nonzero vector
x?

KT = HII|1|in SV Y p, Y s 2y
z||=1
U'i_l/mJ'?L'PZlYlJi_l/zu
VST (AL A + AQAs + AL Ay + AbAy) 7120

< VSTV (AL AL AY Ay + AL Ay + ALA) ST 20y,
= 0+ STV AL AT 20 2 STV AL ATy,
< VSTV AL AT 2y, 2(0 STV AL A ST 2y g VYR (0 ST A A2y 4 )12

0,(1) + 0.

Now, for B(kr) = B+ (VY (Ip — kp My )V W (I — kr My ) (Z+1w 4 ut), we have
T2(B(kr) — ) 5 Sl (v — 1) 24,020

because

VY Iy — kpMy )WV =VEVE — kv M, v

—VYPLVE — (ky = WV M v S S22 2 SU2 — kSyy
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and

T2V = kp My ) (Z 4w + ut)
T—l/2le(sz + UL) _ T_l/QkTVJJMzL (ZL(.U + UL)
= TV YP, (7w +ut) — T(ky — DT3PV M, (240 +ub) & S0,

where k = 0 for the TSLS estimator, x = &* for the LIML estimator and x = x* — 1 for
the Fuller-k estimator if we let 7 -5 x*. In addition, &L = Yyt —YLB(kr) = Ztw + ut —
VE(B(kr) — B) since Y+ = VL. We thus have
T eV P, et =T W ZY 74w + T (B(ky) — B)' VY Py VE(B(kr) — B)
— 2T ZHVH(B(kr) — B) + 0p(1)
2 Qw + WY o (2 2y — kD) 2y (2 2y — k1) TH2L,QY 20

— 20O 2y (2 2y — KI) 72,020

and
T2 My et =772 +0,(1)
=T *(B(kr) = B)'VH'VE(Blkr) = B) + 0p(1)
<, SOV (2 2y — kD)2, 0.
Therefore,

éJ"PZﬂéL a W'QYY (I —2v(zf2v — /ﬁI)_lz{/)2 OL/2
EYMy )T W QY2 (2 2y — KI) 22,01 2w

o(B(kr)) =

For part (iii), note that Assumption 2 implies that T-'VVVE B Sy 771yt 2

Sva, T utut B oy, T7127 25 2, 7120yt 2 oo, 712Vt 2 Qu, and
Syy D QI + Byy. Hence, Amin(G3/T) 2> Ain(ITQIT + Lyy) " MIQI). Recall that
Blkr) = (YY(Ip — kpMy )Y 1)1 (Ip — kp My )yt, where kp = 1 for the TSLS esti-
mator; kr = kp for the LIML estimator; and ky = kp — 1/(T — K1 — K3) for the Fuller-k
estimator with kr being the smallest root of [Y'MxY — kpY'M,Y| = 0. For any T, the
roots of |Y'MxY —kpY'M,Y | = 0 are the same as those of [T 'Y’ MyxY —krT-'Y'M,Y| =
0. Thus, plimTﬂoolAcT = k* where k* is the smallest root of |plimy_ T 'Y'MyxY —
E*plimy_, T YY'M;Y| = |© + % — k*Y| = |© — (k* — 1)X| = 0 with © as defined in
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the theorem, and plimp_ . kr = k* for both the LIML and Fuller-k estimators. Hence,

Blkr) = (YY P, Yt — (kp — )Y Y M YY) Y Y Y Pyt — (kp — DY Y Myyh)

LB+ (ITQI — (k" — 1D)Syy) LW — (K* — 1)Syy).

Now, &t =yt — Y1 B(kr) = Ztw+ut = YL (B(kr) — B) and

o(B(kr))  eYPyiet)T W +b (k) TI'QIIb (k) — 20" QIIb (k)

T eYMyiet)T Ouu + b (k) Syvb (k) — 28,vb (k)

Proof of Theorem 3 Obvious from Theorems 1 and 3 in Staiger and Stock (1997) and
thus omitted. W
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A.2 Simulation Results

TABLE 1.A. Critical Values for the Qv test, TSLS

n=1 n =2 n=

90 .95 975 99 90 .95 975 .99 90 95 97 .99

Ko=21| 397 535 6.714 8.60
3 493 646 799 10.06 | 1.88 257 3.24 4.16

4 5.70 737 9.03 11.21|243 324 401 5.03 |1.21 165 211 2.72
5 6.45 828 10.09 1240|290 3.82 472 583 |1.62 219 274 345
6 7.03 899 1089 13.19|3.31 434 530 6.57 | 194 259 3.22 3.99
7 7.60 9.69 11.64 14.14|3.68 485 593 7.33 | 2.22 298 3.70 4.59
8 8.13 10.39 1245 15.05|4.01 528 6.51 792 | 248 3.33 415 5.14
9 8.59 1094 13.12 1583 | 435 5.70 6.98 857 | 2.71 3.67 4.55 5.63
10 9.02 1142 13.66 16.30 | 456 6.00 7.37 9.07 | 291 394 4.89 5.97
11 949 1199 1433 1726|483 641 780 9.56 | 3.10 4.23 5.28 6.50
12 9.89 1249 14.89 17.80 | 5.11 6.78 826 10.04 |3.28 4.51 5.61 691
13 10.28 13.02 1550 18.59 | 5.34 7.07 8.63 10.48 | 3.40 4.72 590 7.32
14 10.65 13.50 16.09 19.21 | 556 7.38 9.06 11.00 | 3.57 4.95 6.18 7.69
15 11.06 13.96 16.58 19.74 | 5.76 7.68 937 11.46 | 3.63 5.12 6.39 7.87
16 11.38 14.36 17.14 20.27 | 597 798 9.78 11.87 |3.76 5.33 6.73 833
17 11.71 14.81 17.61 20.88 | 6.15 8.17 10.05 12.35 | 3.88 5.50 6.95 8.63
18 12.04 15.23 1811 21.61 | 6.29 848 10.38 12.66 | 4.00 5.72 7.20 9.01
19 12.36 15.55 1847 22.05 | 6.53 8.76 10.72 13.03 | 4.08 588 7.45 9.26
20 12.71 16.04 18.99 22.54|6.69 9.01 11.01 13.41|4.18 6.09 7.79 9.62
21 1298 16.39 19.50 23.24 | 6.78 9.20 11.29 13.78 | 420 6.13 7.90 9.84
22 13.16 16.60 19.80 23.53 | 7.05 9.49 11.65 14.19 | 440 6.44 8.16 10.24
23 13.50 17.02 20.29 2394 | 7.18 9.67 11.89 14.54 | 438 6.48 8.23 10.35
24 13.84 17.46 20.67 2482|728 991 12.14 14.84 | 442 6.60 8.48 10.71
25 14.17 17.86 21.08 25.11 | 7.41 10.04 12.37 15.17 | 4.62 6.82 8.74 11.02

Note: n is the number of endogenous regressors and Ky is the number of instruments.
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TABLE 1.B. Critical Values for the Qry test, LIML

n=1 n=2 n=3
.90 .95 975 .99 .90 .95 975 .99 90 95 975 .99
Ky=2] 399 537 6.76 8.60

3 496 649 801 10.08 | 1.90 2.58 3.25 4.7

4 5.76 742 9.05 11.23 248 3.28 4.05 5.05 | 1.23 1.67 213 2.73
5 6.52 833 10.12 1242|299 3.89 4.76 5.87 | 1.68 2.23 2.78 347
6 713 9.06 10.94 13.24 | 343 444 537 6.64 | 2.03 2.66 3.28 4.04
7 773 9.78 11.71 14.20 | 3.87 498 6.05 7.40 | 237 3.10 3.79 4.68
8 8.28 10.49 1253 15.11 | 425 545 6.64 8.04 | 2.70 3.49 4.28 5.23
9 8.77 11.07 13.22 1589 | 4.64 590 7.13 870 | 3.00 3.88 4.71 5.75
10 9.25 11.57 13.75 16.40 | 491 6.28 7.57 9.21 | 3.28 4.21 5.09 6.11
11 9.73 1216 14.46 1734|526 6.72 8.02 9.74 | 3.55 4.57 554 6.71
12 10.17 12,66 15.03 1791 | 5.61 7.13 852 10.25| 3.82 4.88 590 7.15
13 10.57 13.23 15.68 18.70 | 5.92 747 894 10.73 | 4.04 5.19 6.25 7.56
14 1097 13.71 16.26 19.35 | 6.17 7.84 9.41 11.27 | 429 548 6.59 8.02
15 1141 1421 16.78 19.88 | 6.47 819 9.76 11.76 | 4.47 5.71 6.87 8.25
16 11.77 14.63 17.34 2042 | 6.75 853 10.20 12.18 | 470 6.03 7.28 8.74
17 12.14 15.10 17.85 21.06 | 6.99 880 10.51 12.68 | 4.92 6.28 7.54 9.09
18 12.50 15.56 1835 21.79 | 7.24 9.12 10.93 13.05|5.12 6.55 7.88 9.53
19 12.85 15.92 1874 2227|749 948 11.28 13.46 | 5.31 6.80 8.17 9.79
20 13.23 16.37 19.25 2281 | 773 975 11.63 13.89 | 553 7.12 856 10.23
21 13.52 16.77 19.76 23.47 | 793 10.03 11.95 14.27 | 5.66 7.26 8.76 10.53
22 13.75 17.04 20.12 23.77 | 8.26 10.39 1236 14.75|5.93 7.58 9.11 10.96
23 14.10 17.43 20.59 24.17 | 8.44 10.60 12.63 15.08 | 6.06 7.73 9.27 11.11
24 1447 1792 21.00 25.07 | 8.63 10.88 12.96 1545 |6.23 7.95 9.55 11.50
25 14.80 18.31 21.50 25.36 | 8.83 11.11 13.19 15.85 | 6.49 825 9.88 11.87

Note: n is the number of endogenous regressors and Ko is the number of instruments.
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TABLE 1.C. Critical Values for the Q7 test, Fuller-k

n=1 n=2 n=3
.90 .95 975 .99 .90 .95 975 .99 90 95 975 .99
Ky=2] 39 535 674 8.60

3 494 647 8.00 10.07 | 1.80 2.52 3.20 4.12

4 5.73 740 9.04 11.23 240 3.22 4.00 5.01 |1.06 1.55 2.03 2.65
5 6.50 832 10.12 1241|292 3.84 473 584 | 154 213 270 3.42
6 711 9.05 1093 13.24 | 337 439 534 6.61 | 1.91 257 3.21 3.99
7 701 977 11.70 1419 | 3.81 494 6.02 7.38 | 225 3.02 3.73 4.63
8 8.26 10.48 12.52 15.10 | 419 542 6.61 8.02 | 2.60 3.42 4.22 5.18
9 876 11.06 13.21 15.89 |4.59 5.87 7.11 868 | 291 3.81 4.66 5.72
10 9.23 11.56 13.75 16.39 | 487 6.25 7.54 9.20 | 3.19 4.15 5.04 6.08
11 9.72 1215 1445 1734|521 6.69 8.00 9.72 | 347 4.51 549 6.67
12 10.15 12.65 15.02 1791 | 5.57 7.10 850 10.23 | 3.73 4.83 5.86 7.12
13 10.55 13.22 15.67 18.69 | 5.88 7.44 892 10.72 | 3.97 5.13 6.21 7.53
14 1096 13.71 16.25 19.35 | 6.12 7.81 9.40 11.26 | 4.22 543 6.56 7.99
15 11.40 14.20 16.77 19.88 | 6.43 816 9.74 11.74 | 441 5.66 6.83 8.22
16 11.76 14.63 17.34 20.41 | 6.71 851 10.18 1216 | 4.64 5.99 7.26 8.72
17 12.13  15.09 17.84 21.05|6.95 877 1049 12.67 | 4.86 6.25 7.51 9.07
18 12.49 1555 1835 21.79 | 721 9.10 1091 13.04 |5.06 6.51 7.85 9.51
19 12.84 1591 1873 2227|746 945 11.26 13.45|5.24 6.75 814 9.76
20 13.22  16.37 19.24 2281 | 770 9.73 11.61 13.87 |5.47 7.08 853 10.20
21 13.51 16.76 19.76 23.47 | 7.89 10.01 11.93 14.25 | 5.60 7.22 873 10.50
22 13.74 17.03 20.12 23.77 | 8.23 10.37 1235 14.75 | 5.88 7.54 9.08 10.94
23 14.09 1743 20.59 24.17 | 8.41 10.58 12.61 15.07 | 6.01 7.69 9.23 11.09
24 14.46 17.92 21.00 25.07 | 8.60 10.87 12.94 1544 |6.18 7.92 9.53 11.48
25 14.79 1831 21.49 25.36 | 8.80 11.09 13.18 15.84 | 6.44 8.22 9.85 11.84

Note: n is the number of endogenous regressors and Ko is the number of instruments.
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TABLE 2.A. Rejection Probabilities of the Overidentifying Restrictions Test, TSLS

n=1 Ky =3 Ky =9

AcAc/Ngin P rej.  uncond. | rej.  uncond
0.5 0.1 | 0.0550  0.0365 0 0.0450

0.3 | 0.0661 0.0411 0 0.0506

0.5 ] 0.0752 0.0531 | 0.1667  0.0660

0.8 1 0.1229 0.1143 | 0.1667 0.1179

1.0 1 0.3321 0.2016 | 0.3333  0.1880

AcAc/ Ny P rej.  uncond. | rej.  uncond.
0.8 0.1 | 0.0419 0.0395 | 0.0442 0.0465

0.3 | 0.0498 0.0438 | 0.0549  0.0508

0.5 | 0.0613 0.0547 | 0.0869 0.0619

0.8 | 0.0972 0.0985 | 0.1631  0.0948

1.0 | 0.2328 0.1494 | 0.3125 0.1347

AoAc/ Ny P rej.  uncond. | rej.  uncond.
1.2 0.1 ] 0.0473 0.0419 | 0.0486 0.0475

0.3 | 0.0516 0.0455 | 0.0542  0.0508

0.5 | 0.0600 0.0542 | 0.0663  0.0587

0.8 1 0.0996 0.0841 | 0.1046  0.0810

1.0 | 0.1808 0.1161 | 0.1609 0.1058

Note: n is the number of endogenous regressors; Ko is the number of instruments; p represents the

degree of endogeneity; A/CAC corresponds to the limit of the concentration matrix; and A

*
min

is the

boundary value of the minimum eigenvalue for the weak instruments set based on the 10% TSLS bias.
The column “rej.” shows P(¢., > X%an,o,og,’goo rejects) and “uncond.” P(¢, > X%Q—n,o.%)-
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TABLE 2.B. Rejection Probabilities of the Overidentifying Restrictions Test, Fuller-k

n=1 Ky =3 Ky =9

AcAc/Ngin P rej.  uncond. | rej.  uncond
0.5 0.1 | 0.1027 0.1739 | 0.1887  0.2823

0.3 | 0.1655 0.1815 | 0.3032  0.2888

0.5 ] 0.2240 0.1789 | 0.4218 0.2779

0.8 1 0.2924 0.1449 | 0.5782  0.1907

1.0 | 0.2753 0.1074 | 0.5040 0.0780

AcAc/ Ny P rej.  uncond. | rej.  uncond.
0.8 0.1 ] 0.0906 0.1440 | 0.1667  0.2420

0.3 | 0.1309 0.1402 | 0.2427 0.2319

0.5 | 0.1666  0.1277 | 0.3304 0.2060

0.8 1 0.2115 0.0900 | 0.4147 0.1147

1.0 | 0.1939 0.0702 | 0.3380 0.0578

AoAc/ Ny P rej.  uncond. | rej.  uncond.
1.2 0.1 | 0.0933 0.1192 | 0.1520 0.2023

0.3 ] 0.1183 0.1091 | 0.2044 0.1824

0.5 | 0.1420 0.0945 | 0.2495 0.1505

0.8 ] 0.1572  0.0665 | 0.2670  0.0796

1.0 | 0.1466 0.0560 | 0.2172  0.0520

Note: n is the number of endogenous regressors; Ko is the number of instruments; p represents the

degree of endogeneity; A/CAC corresponds to the limit of the concentration matrix; and A

*
min

is the

boundary value of the minimum eigenvalue for the weak instruments set based on the 10% TSLS bias.
The column “rej.” shows P(¢., > X%an,o,og,’goo rejects) and “uncond.” P(¢, > X%Q—n,o.%)-
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TABLE 3.A. Finite Sample Sizes of the Qry test, TSLS

n=1 n=2 n=3
Ky 2 4 6 3 5 7 4 6 8
T =50 |.0428 .0374 .0324 | .0504 .0560 .0478 | .0560 .0552 .0476
100 .0524 .0526 .0402 | .0518 .0494 .0478 | .0550 .0516 .0500
200 0442 .0498 .0458 | .0542 .0544 .0538 | .0560 .0504 .0530
300 .0458 .0488 .0458 | .0500 .0432 .0474 | .0568 .0520 .0514
TABLE 3.B. Finite Sample Sizes of the Qry test, Fuller-k
n=1 n =2 n=3
Ky 2 4 6 3 5 7 4 6 8
T =50 |.0430 .0374 .0324 | .0492 .0554 .0478 | .0532 .0536 .0482
100 .0522  .0532 .0396 | .0510 .0488 .0468 | .0552 .0526 .0500
200 .0438 .0502 .0468 | .0528 .0552 .0528 | .0550 .0502 .0530
300 .0460 .0488 .0454 | .0490 .0436 .0476 | .0578 .0516 .0516

TABLE 4.A. Finite Sample Powers of the Qy test, w = 0 and II # 0, TSLS

n=1 n=2 n=23
Ky 2 4 6 3 5 7 4 6 8
T'=50|.7102 .3568 .1642 | 4856 .2152 .2780 | .3790 .1978 .1738
100 9624 4042 4724 | 7594 5534 4808 | .6376 .5252 .4130
200 8978 .8006 .8326 | .9474 .8888 .8040 | .9172 .8116 .7262
300 1.000 .9690 .9966 | .9872 .9602 .9472 | 9838 .9426 .8948

Note: T is the sample size, n is the number of endogenous regressors and Ko is the

number of instruments.
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TABLE 4.B. Finite Sample Powers of the Qry test, w = 0 and II # 0, Fuller-k

n=1 n=2 n=23
Ky 2 4 6 3 ! 7 4 6 8
T'=50|.7112 .3602 .1668 | .4884 .2200 .2904 | .3798 .1998 .1830
100 9642 4106 4794 | 7626 .5662 .5018 | .6434 .5416 .4350
200 8996 .8104 .8450 | .9502 .8996 .8202 | .9238 .8320 .7628
300 1.000 9732 9980 | .9890 .9676 .9532 | .9860 .9586 .9156

TABLE 5.A. Finite Sample Powers of the Qy test, w # 0 and IT = 0, TSLS

n=1 n=2 n=3
Ky 2 4 6 3 5 7 4 6 8
T =50 |.0186 .0070 .0036 | .0350 .0178 .0102 | .0450 .0270 .0152
100 0186 .0092 .0020 | .0274 .0126 .0044 | .0384 .0184 .0118
200 .0174 .0044 .0036 | .0294 .0134 .0038 | .0362 .0180 .0076
300 .0192 .0040 .0016 | .0304 .0114 .0054 | .0404 .0140 .0110
00 .0168 .0034 .0000 | .0290 .0099 .0037 | .0344 .0118 .0058

TABLE 5.B. Finite Sample Powers of the Qry test, w # 0 and II = 0, Fuller-k

n=1 n =2 n=23
Ky 2 4 6 3 5 7 4 6 8
T =50 |.018 .0080 .0046 | .0310 .0192 .0124 | .0352 .0278 .0178
100 .0198 .0114 .0032 | .0254 .0132 .0080 | .0310 .0178 .0130
200 .0184 .0060 .0048 | .0244 .0154 .0072 | .0258 .0200 .0090
300 .0194 .0060 .0032 | .0266 .0122 .0076 | .0296 .0152 .0150

Note: T is the sample size, n is the number of endogenous regressors and K is the
number of instruments.
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Figure 1.A. Local Power of the Qry test, Ac # 0 and &£; = 0.
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