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This online Appendix contains proofs of the results in the main text of the article (Part

A) and additional Monte Carlo simulation results (Part B).

A. Proofs

Let κNT = (logN)/
√
T . We first derive some technical lemmas.

Lemma A.1 Suppose Assumption 2-(1) and 2-(2)-(ii) hold. Then, for some 0 < Cx, Cv <

∞, as (N, T )→∞, we have

(a) max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥ ≥ CxκNT

)
= o

(
N−1

)
, and

max
1≤i≤N

Pr

(∣∣∣∣∣ 1

T

T∑
t=1

vit

∣∣∣∣∣ ≥ CvκNT

)
= o

(
N−1

)
;

(b) Pr

(
max

1≤i≤N

∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥ ≥ CxκNT

)
= o (1) , and

Pr

(
max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

vit

∣∣∣∣∣ ≥ CvκNT

)
= o (1) .
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Proof of Lemma A.1 We only prove the first part of (a) since the proof for the second

part of (a) is similar, and (a) implies (b), because

Pr

(
max

1≤i≤N

∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥ ≥ CxκNT

)
≤

N∑
i=1

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥ ≥ CxκNT

)

≤ N max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥ ≥ CxκNT

)
= N · o(N−1) = o(1)

and similarly for the second part of (b), if (a) is true.

To prove the first result of (a), we let MT =
√
T/(log T )2 and 1it = 1{||xit|| < MT}. We

define

ξ1,it = xit1it − E [xit1it] ,

ξ2,it = xit (1− 1it) ,

ξ3,it = −E [xit (1− 1it)] .

Then, xit − E[xit] = ξ1,it + ξ2,it + ξ3,it and thus we have

max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥ ≥ CxκNT

)
≤ max

1≤i≤N
Pr

(∥∥∥∥∥ 1

T

T∑
t=1

ξ1,it

∥∥∥∥∥+

∥∥∥∥∥ 1

T

T∑
t=1

ξ2,it

∥∥∥∥∥
+

∥∥∥∥∥ 1

T

T∑
t=1

ξ3,it

∥∥∥∥∥ ≥ CxκNT

)
.

We prove the first part of (a) by showing

(a1) N · max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

ξ1,it

∥∥∥∥∥ ≥ Cx
2
κNT

)
= o (1) ,

2



(a2) N · max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

ξ2,it

∥∥∥∥∥ ≥ Cx
2
κNT

)
= o (1) , and

(a3) max
1≤i≤N

∥∥∥∥∥ 1

T

T∑
t=1

ξ3,it

∥∥∥∥∥ = o(κNT ).

To prove (a1), we let ξϕ1,it = ϕ′ξ1,it for some constant p × 1 vector ϕ with ||ϕ|| = 1.

Then, by Assumption 2-(1)-(ii), ξϕ1,it is a zero-mean strong mixing process, not necessarily

stationary, with the mixing coefficients satisfying α[t] ≤ cαρ
t for some cα > 0 and ρ ∈

(0, 1). In addition, max1≤t≤T |ξϕ1,it| ≤ 2MT almost surely by construction. We define v2
N =

max1≤i≤N supt≥1{var(ξ
ϕ
1,it) + 2

∑∞
s=t+1 |cov(ξϕ1,it, ξ

ϕ
1,is)|, which is bounded by Assumption 2-

(1)-(ii) and (iii), and the Davydov inequality. Then, by Lemma S1.1 of Su, Shi and Phillips

(2016), there exists a constant C0 > 0 such that for any T ≥ 2 and Cx > 0,

N · max
1≤i≤N

Pr

(∣∣∣∣∣ 1

T

T∑
t=1

ξϕ1,it

∣∣∣∣∣ ≥ Cx
2
κNT

)
≤ N exp

(
− C0C

2
xT

2κ2
NT/4

v2
NT + 4M2

T + 2CxTκNTMT (log T )2 /2

)
= exp

(
−
{

C0C
2
x(logN)2/4

v2
N + 4/(log T )4 + Cx(logN)

− logN

})
.

Thus, by choosing Cx sufficiently large, it follows that

N max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

ξ1,it

∥∥∥∥∥ ≥ Cx
2
κNT

)
→ 0 as (N, T )→∞.

Next, by Assumption 2-(1)-(iii) and 2-(2)-(ii), and the Boole and Markov inequalities,

we have

N · max
1≤i≤N

Pr

(∥∥∥∥∥ 1

T

T∑
t=1

ξ2,it

∥∥∥∥∥ ≥ Cx
2
κNT

)
≤ N · max

1≤i≤N
Pr

(
max

1≤t≤T
‖xit‖ ≥MT

)
≤ NT max

1≤i≤N
max

1≤t≤T
Pr (‖xit‖ ≥MT )
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≤ NT

M q
T

max
1≤i≤N

max
1≤t≤T

E ||xit||q

= o(1).

Lastly, by Assumption 2-(1)-(iii), and the Hölder and Markov inequalities,

max
1≤i≤N

∥∥∥∥∥ 1

T

T∑
t=1

ξ3,it

∥∥∥∥∥ ≤ max
1≤i≤N

max
1≤t≤T

E ‖xit1 {‖xit‖ ≥MT}‖

≤ max
1≤i≤N

max
1≤t≤T

(
E ‖xit‖q/2

)2/q

max
1≤i≤N

max
1≤t≤T

{Pr (||xit|| ≥MT )}(q−2)/q

≤ max
1≤i≤N

max
1≤t≤T

(
E ‖xit‖q/2

)2/q

max
1≤i≤N

max
1≤t≤T

(
E ‖xit‖q

M q
T

)(q−2)/q

= O
(
M
−(q−2)
T

)
= o(κNT )

where we use the fact that M
(q−2)
T κNT = T (q−3)/2 logN/(log T )2 → ∞ for q ≥ 4 in the last

step. Then, the desired result follows by combining (a1), (a2) and (a3). �

Proof of Lemma 1 First, note that

max
1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

{
x′it(β0 − β̂) + vit

}∣∣∣∣∣
≤

(
max

1≤i≤N

∥∥∥∥∥ 1

T

T∑
t=1

{xit − E[xit]}

∥∥∥∥∥+ max
1≤i≤N

E||xit||

)∥∥∥β̂ − β0

∥∥∥+ max
1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

vit

∣∣∣∣∣ ,
where max1≤i≤N E||xit|| = O(1) and

∥∥∥β̂ − β0

∥∥∥ = Op((NT )−1/2) due to Assumption 2-(1)-(iii)

and 2-(2)-(i), which implies for sufficiently large 0 < C <∞,

Pr

(
max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

{
x′it(β0 − β̂) + vit

}∣∣∣∣∣ ≥ CκNT

)
= o (1) (A.1)

by Lemma A.1.
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Recall η = mini∈Sc u0,i and α̂i = T−1
∑T

t=1(yit − x′itβ̂) = T−1
∑T

t=1(α0 − u0,i + x′it(β0 −

β̂) + vit) where u0,i = 0 for all i ∈ S. Thus, it follows that

min
i∈S

α̂i −max
i∈Sc

α̂i

= min
i∈S

{
1

T

T∑
t=1

(α0 + x′it(β0 − β̂) + vit)

}
−max

i∈Sc

{
1

T

T∑
t=1

(α0 − u0,i + x′it(β0 − β̂) + vit)

}

≥ min
i∈Sc

u0,i +

[
min
i∈S

{
1

T

T∑
t=1

(x′it(β0 − β̂) + vit)

}
−max

i∈Sc

{
1

T

T∑
t=1

(x′it(β0 − β̂) + vit)

}]

≥ η − 2 max
1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

(x′it(β0 − β̂) + vit)

∣∣∣∣∣
>

η

2
−Op(κNT ),

which implies

Pr

(
min
i∈S

α̂i −max
i∈Sc

α̂i > 0

)
→ 1 (A.2)

as (N, T ) → ∞ since η > 0 and η/κNT → ∞ by Assumption 2-(2)-(iii). (A.2), in turn,

implies Pr (α̂ = maxi∈S α̂i)→ 1 as (N, T )→∞ because α̂ is defined as max1≤i≤N α̂i.

By (A.2), we can let α̂ = maxi∈S α̂i for sufficiently large (N, T ), instead of α̂ =

max1≤i≤N α̂i. Hence, for sufficiently large (N, T ), we have

|α̂− α0| =

∣∣∣∣∣max
i∈S

{
1

T

T∑
t=1

(
α0 + x′it(β0 − β̂) + vit

)}
− α0

∣∣∣∣∣
≤ max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣ = Op(κNT )

from A.1, which proves Lemma 1.

Since ûi = α̂ − α̂i = (α̂ − α0) + (α0 − α̂i) = (α̂ − α0) + (u0,i + α0,i − α̂i) so that
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|ûi − u0,i| ≤ |α̂− α0| + |α̂i − α0,i| ≤ 2 max1≤i≤N

∣∣∣ 1
T

∑T
t=1 x

′
it(β0 − β̂) + vit

∣∣∣ by the results

above, we also have

Pr (|ûi − u0,i| ≥ CκNT ) = o (1) (A.3)

for sufficiently large 0 < C <∞. �

Proof of Theorem 1 For Equation (5) in the main text, we form a Lagrangian as

L
(
α, {ui}Ni=1, {ρi}Ni=1

)
=

N∑
i=1

T∑
t=1

(
yit − x′itβ̂ − α + ui

)2

+ λ
N∑
i=1

πiui −
N∑
i=1

ρiui,

where ρi ≥ 0, ui ≥ 0, and ρiui = 0 (complementary slackness) for all i. From the Karush-

Kuhn-Tucker (KKT) conditions, we have

α̂ (λ) =
1

NT

N∑
i=1

T∑
t=1

(
yit − x′itβ̂ + ûi (λ)

)
(A.4)

ûi (λ) = max

{
0, α̂ (λ)− 1

T

T∑
t=1

(
yit − x′itβ̂

)
− λ

2T
π̂i

}
. (A.5)

Recall δ = |S|/N and let δ̂ = |Ŝ|/N . By plugging (A.5) into (A.4), we have

α̂ (λ) =
1

NT

∑
i∈Ŝ

T∑
t=1

(
yit − x′itβ̂

)
+

1

NT

∑
i∈Ŝc

T∑
t=1

(
yit − x′itβ̂ + ûi (λ)

)

=
1

NT

∑
i∈Ŝ

T∑
t=1

(
yit − x′itβ̂

)
+

1

N

∑
i∈Ŝc

(
α̂ (λ)− λ

2T
π̂i

)

=
1

NT

∑
i∈Ŝ

T∑
t=1

(
x′it

(
β0 − β̂

)
+ α0 − u0,i + vit

)
+
(

1− δ̂
)
α̂ (λ)− λ

2NT

∑
i∈Ŝc

π̂i
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and hence

α̂ (λ)− α0 =
1

δ̂NT

∑
i∈Ŝ

T∑
t=1

(
x′it

(
β0 − β̂

)
− u0,i + vit

)
− λ

2δ̂NT

∑
i∈Ŝc

π̂i. (A.6)

This shows that α̂(λ) is estimated as a common intercept for the firms classified as fully

efficient by the LASSO and also contains bias due to the use of shrinkage on ûi(λ). From

(A.5), it follows that, for i ∈ Ŝc (i.e. ûi (λ) > 0),

ûi (λ) = α̂ (λ)− 1

T

T∑
t=1

(
x′it

(
β0 − β̂

)
+ α0 − u0,i + vit

)
− λ

2T
π̂i

=
1

δ̂NT

∑
j∈Ŝ

T∑
t=1

(
x′jt

(
β0 − β̂

)
− u0,j + vjt

)
− 1

T

T∑
t=1

(
x′it

(
β0 − β̂

)
− u0,i + vit

)
− λ

2δ̂NT

∑
j∈Ŝc

π̂j −
λ

2T
π̂i.

We prove the theorem by showing S ⊂ Ŝ and Sc ⊂ Ŝc w.p.a.1.

(i) We first prove S ⊂ Ŝ w.p.a.1 by showing Pr (maxi∈S ûi(λ) > 0) → 0. Let τ̂ =

maxi∈S ûi. Then, from (A.5), for any C > 0, we have

Pr

(
max
i∈S

ûi(λ) > 0

)
= Pr

(
max
i∈S

{
α̂(λ)− α̂i −

λ

T
π̂i

}
> 0

)
≤ Pr

(
max
i∈S

{
α̂(λ)− α̂i −

λ

T
π̂i

}
> 0, τ̂ ≤ CκNT

)
+ Pr(τ̂ > CκNT )

≤ Pr

max
i∈S

 1

δ̂NT

∑
j∈Ŝ

T∑
t=1

(
x′jt(β0 − β̂)− u0,j + vjt

)
− λ

2δ̂NT

∑
j∈Ŝc

π̂j

− 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)
− λ

2T
(CκNT )−γ

}
> 0

)
+ Pr(τ̂ > CκNT )
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≤ Pr

(
2 max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

x′it(β0 − β̂) + vit

∣∣∣∣∣− λ

2T
(CκNT )−γ > 0

)
+ Pr(τ̂ > CκNT ) (A.7)

where we use the fact that u0,j ≥ 0 and π̂j ≥ 0 for all j in the last step. Then, by choosing

sufficiently large 0 < C <∞, we can easily show that first term in (A.7) is o(1) due to (A.1)

and ((λ/T )κ−γNT )/κNT →∞ as (N, T )→∞ by Assumption 2-(3). The second term in (A.7)

is also o(1) because

τ̂ = max
i∈S

ûi = max
i∈S
{(α̂− α0)− (α̂i − α0,i)} ≤ 2 max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

x′it(β0 − β̂) + vit

∣∣∣∣∣
and (A.1), where we use the fact u0,i = 0 for i ∈ S.

(ii) Next, we prove Sc ⊂ Ŝc w.p.a.1. Define Di ≡ {ûi(λ) = 0} and then,

Pr (there exists i ∈ Sc such that ûi(λ) = 0) = Pr

(⋃
i∈Sc
Di

)
.

Let |Sc| = J . We arbitrarily list the firms in Sc and use an auxiliary index, [j] for j = 1, ..., J ,

to denote the jth firm on the list. Then, we can partition
⋃
i∈Sc Di into disjoint sets such

that D[1] ∩
(⋃J

j=2D[j]

)c
, D[2] ∩

(⋃J
j=3D[j]

)c
, ..., and D[J ]. Therefore, we have

Pr

(⋃
i∈Sc
Di

)

=
J∑
j=1

Pr

(
D[j] ∩

(
J⋃

k=j+1

D[k]

)c)

=
J∑
j=1

Pr
(
û[j](λ) = 0, û[j+1](λ) > 0, û[j+2](λ) > 0, ..., û[J ](λ) > 0

)
,
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which is true regardless of the order of the firms on the list. So, we list the firms in Sc

according to the size of inefficiency in ascending order so that u0,[1] ≤ ... ≤ u0,[j]... ≤ u0,[J ].

Then, we have

Pr (there exists i ∈ Sc such that ûi(λ) = 0)

=
J∑
j=1

Pr
(
û[j](λ) = 0, û[j+1](λ) > 0, û[j+2](λ) > 0, ..., û[J ](λ) > 0

)
=

J∑
j=1

Pr
(
û[j](λ) = 0

∣∣∣ û[j+1](λ) > 0, ..., û[J ](λ) > 0
)
× Pr

(
û[j+1](λ) > 0

∣∣∣ û[j+2](λ) > 0, ...
)
...

...× Pr
(
û[J−1](λ) > 0

∣∣∣ û[J ](λ) > 0
)
× Pr

(
û[J ](λ) > 0

)
≤

J∑
j=1

Pr
(
û[j](λ) = 0

∣∣∣ û[j+1](λ) > 0, ..., û[J ](λ) > 0
)

=
J∑
j=1

Pr

 1

δ̂NT

∑
i∈Ŝ

T∑
t=1

(
x′it(β0 − β̂)− u0,i + vit

)
− λ

2δ̂NT

∑
i∈Ŝc

π̂i

− 1

T

T∑
t=1

(
x′[j]t(β0 − β̂)− u0,[j] + v[j]t

)
− λ

2T
π̂[j] < 0

∣∣∣ û[j+1](λ) > 0, ..., û[J ](λ) > 0

)

=
J∑
j=1

Pr

u0,[j] −
∑

i∈Ŝ u0,i

δ̂N︸ ︷︷ ︸
(∗)

+
1

δ̂NT

∑
i∈Ŝ

T∑
t=1

(
x′it(β0 − β̂) + vit

)
− λ

2δ̂NT

∑
i∈Ŝc

π̂i

− 1

T

T∑
t=1

(
x′[j]t(β0 − β̂) + v[j]t

)
− λ

2T
π̂[j] < 0

∣∣∣ û[j+1](λ) > 0, ..., û[J ](λ) > 0

)
(A.8)

We let Ŝ∗ = Sc ∩ Ŝ and δ̂∗ = |Ŝ∗|/N . Then, (∗) in the jth probability of (A.8) satisfies

u0,[j] −
∑

i∈Ŝ u0,i

δ̂N
≥ u0,[j] −

δ̂∗u0,[j]

δ̂

since u0,i = 0 for all i ∈ S and u0,[j] = maxi∈Ŝ∗u0,i in the jth event by construction, which

9



further gives us the results

u0,[j] −
δ̂∗

δ̂
u0,[j] =

δ

δ̂
u0,[j] ≥ δu0,[j] ≥ δη (A.9)

since δ̂ − δ̂∗ = δ and δ ≤ δ̂ ≤ 1 as S ⊂ Ŝ.

Let η̂ =mini∈Scûi and ᾰ =
∣∣∣ 1

δ̂NT

∑
i∈Ŝ
∑T

t=1

(
x′it(β0 − β̂) + vit

)∣∣∣. Then, by choosing

sufficiently large 0 < C <∞, we have

Pr (there exists i ∈ Sc such that ûi(λ) = 0)

≤ Pr
(

there exists i ∈ Sc such that ûi(λ) = 0, ||β0 − β̂|| ≤ κNT , η̂ ≥ η − CκNT ,

ᾰ ≤ CκNT , S ⊂ Ŝ
)

+ Pr
(
||β0 − β̂|| > κNT

)
+ Pr (ᾰ > CκNT )

+ Pr (η̂ < η − CκNT ) + Pr
(
S 6⊂ Ŝ

)
(A.10)

where Pr
(
||β0 − β̂|| > κNT

)
= o(1) by Assumption 2-(2)-(i), Pr

(
S 6⊂ Ŝ

)
= o(1)

by the first part of this proof, Pr (ᾰ > CκNT ) = o(1) by the fact that ᾰ ≤

max1≤i≤N

∣∣∣ 1
T

∑T
t=1 x

′
it(β0 − β̂) + vit

∣∣∣ and (A.1), and Pr (η̂ < η − CκNT ) = o(1) by the fact

that

|η̂ − η| ≤ |η̂ − u`|+ |û`0 − η| (A.11)

and (A.3) where ` =argmini∈Scûi and `0 =argmini∈Scu0,i.
1 Furthermore, we have

λ

2δ̂NT

∑
i∈Ŝc

π̂i +
λ

2T
π̂[j] ≤

λ

2δ̂NT
(1− δ̂)Nη̂−γ +

λ

2T
η̂−γ =

λ

2δ̂T
η̂−γ ≤ λ

δT
η̂−γ, (A.12)

where we use the fact Ŝc ⊂ Sc and δ ≤ δ̂ ≤ 1 as S ⊂ Ŝ. Then, for the first term in (A.10),

1Note that |η̂ − η| ≤ |û`0 − η| if η̂ > η and |η̂ − η| ≤ |η̂ − u`| if η̂ < η.

10



by combining (A.8), (A.9) and (A.12), we have

Pr
(

there exists i ∈ Sc such that ûi(λ) = 0, ||β0 − β̂|| ≤ κNT , η̂ ≥ η − CκNT , ᾰ ≤ CκNT ,

S ⊂ Ŝ
)

≤
J∑
j=1

Pr

(
δη − CκNT −

∣∣∣∣∣ 1

T

T∑
t=1

{
x′[j]t(β0 − β̂) + v[j]t

}∣∣∣∣∣− λ

δT
η̂−γ < 0, ||β0 − β̂|| ≤ κNT ,

η̂ ≥ η − CκNT
)

≤
J∑
j=1

Pr

(
δη − CκNT −

∣∣∣∣∣ 1

T

T∑
t=1

{
x′[j]t(β0 − β̂) + v[j]t

}∣∣∣∣∣− λ

δT
(η − CκNT )−γ < 0,

||β0 − β̂|| ≤ κNT
)

≤
J∑
j=1

Pr

(
δη − CκNT − κNT

(∣∣∣∣∣
∣∣∣∣∣ 1

T

T∑
t=1

{
x[j]t − E[x[j]t]

}∣∣∣∣∣
∣∣∣∣∣+ E

∥∥x[j]t

∥∥)− ∣∣∣∣∣ 1

T

T∑
t=1

v[j]t

∣∣∣∣∣
− λ

δT
(η − CκNT )−γ < 0

)
≤

J∑
j=1

Pr

(
δη − CκNT − κNT

(
CκNT + E

∥∥x[j]t

∥∥)− ∣∣∣∣∣ 1

T

T∑
t=1

v[j]t

∣∣∣∣∣− λ

δT
(η − CκNT )−γ < 0

)

+
J∑
j=1

Pr

(∣∣∣∣∣
∣∣∣∣∣ 1

T

T∑
t=1

{xit − E[xit]}

∣∣∣∣∣
∣∣∣∣∣ > CκNT

)

≤ N max
1≤i≤N

Pr

(∣∣∣∣∣ 1

T

T∑
t=1

vit

∣∣∣∣∣ > <NT
)

+N max
1≤i≤N

Pr

(∣∣∣∣∣
∣∣∣∣∣ 1

T

T∑
t=1

{xit − E[xit]}

∣∣∣∣∣
∣∣∣∣∣ > CκNT

)
(A.13)

where <NT = δη − CκNT − κNT (CκNT + E||xit||)− λ
δT

(η − CκNT )−γ. Then we can easily

show that the two terms in (A.13) are o(1) by an application of Lemma A.1 and the fact that

<NT/κNT = δη
κNT
−C −CκNT −E||xit|| − λ

δT
η−γκ−1

NT (1−CκNT/η)−γ →∞ as (N, T )→∞

by Assumption 1 and 2. Thus, the proof is complete. �
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Proof Theorem 2 By Theorem 1, w.p.a 1, we have

√
δNT (α̂(λ)− α0) =

1√
δNT

∑
i∈S

T∑
t=1

(
x′it(β0 − β̂) + vit

)
− λ

2
√
δNT

∑
i∈Sc

π̂i

The second term is op(1) since

λ√
δNT

∑
i∈Sc

π̂i ≤
√

(1− δ)2

δ
λ

√
N

T
η−γ

(
η̂

η

)−γ
= op(1) (A.14)

by Assumption 2-(3) and the fact that

η̂

η
≤ 1 +

|η̂ − η|
η

= 1 + op(1),

due to (A.11) and κNT/η → 0 as (N, T )→∞ by Assumption 2-(2)-(iii).

Since β̂ − β0 = (
∑N

i=1

∑T
t=1 x̃itx̃

′
it)
−1
∑N

i=1

∑T
t=1 x̃itṽit, and

∑N
i=1

∑T
t=1 x̃itṽit =∑N

i=1

∑T
t=1 x̃itvit, we have

√
δNT (α̂(λ)− α0)

=
1√
δNT

∑
i∈S

T∑
t=1

vit

−
√
δ

(
1

δNT

∑
i∈S

T∑
t=1

x′it

)(
1

NT

N∑
i=1

T∑
t=1

x̃itx̃
′
it

)−1(
1√
NT

N∑
i=1

T∑
t=1

x̃itvit

)
+ op(1).

We define

ΥS = plim
N,T→∞

1

δNT

∑
i∈S

T∑
t=1

xit

12



H0 = plim
N,T→∞

1

NT

N∑
i=1

T∑
t=1

x̃itx̃
′
it

where H0 > 0 by Assumption 3. We split the sample into S and Sc and define two statistics

as

ΞS,NT ≡ 1√
δNT

∑
i∈S

T∑
t=1

{
vit − δΥ′SH−1

0 x̃itvit
}

ΞSc,NT ≡ 1√
(1− δ)NT

∑
i∈Sc

T∑
t=1

√
δ(1− δ)Υ′SH−1

0 x̃itvit,

which are independent since the observations are cross-sectionally independent. By Assump-

tion 3, we have

ΞS,NT
d−→ N

(
0, σ2

S1 + δ2σ2
S2 − 2δσS1S2

)
ΞSc,NT

d−→ N
(
0, δ(1− δ)σ2

Sc
)

as (N, T )→∞, where

σ2
S1 = plim

N,T→∞

1

δNT

∑
i∈S

T∑
t=1

T∑
k=1

vitvik

σ2
S2 = Υ′SH

−1
0

{
plim
N,T→∞

1

δNT

∑
i∈S

T∑
t=1

T∑
k=1

x̃itvitvikx̃
′
it

}
H−1

0 ΥS

σS1S2 = Υ
′

SH
−1
0

{
plim
N,T→∞

1

δNT

∑
i∈S

T∑
t=1

T∑
k=1

x̃itvitvik

}

σ2
Sc = Υ′SH

−1
0

{
plim
N,T→∞

1

(1− δ)NT
∑
i∈Sc

T∑
t=1

T∑
k=1

x̃itvitvikx̃
′
it

}
H−1

0 ΥS .

Hence,
√
δNT (α̂(λ)− α0) = ΞS,NT + ΞSc,NT

d−→ N
(
0, σ2

S1 + δ2σ2
S2 − 2δ2σS1S2 + δ(1− δ)σ2

Sc
)

13



and the desired result follows.2

For the second result, for i ∈ Sc, we have

√
T (ûi(λ)− u0,i) =

√
T (α̂(λ)− α0)− 1√

T

T∑
t=1

x′it(β0 − β̂)− 1√
T

T∑
t=1

vit −
λ

2
√
T
π̂i

≡ Ψ1,NT + Ψ2i,NT + Ψ3i,T + Ψ4i,NT ,

where Ψ1,NT = Op(1/
√
δN) = op(1) from the first result, Ψ2i,NT = Op(1/

√
N) = op(1)

since β̂ − β0 = Op(1/
√
NT ), and Ψ4i,NT = op(1) by a similar argument as in (A.14). Since

Ψ3i,T
d−→ N (0, σ2

i ) as T → ∞ by Assumption 3, where σ2
i = plimT→∞

1
T

∑T
t=1

∑T
k=1 vitvik for

each i, we have the desired result. �

Proof of Theorem 3 We first define

Λ− = {λ : Pr(Ŝ(λ) ) S)→ 1 as (N, T )→∞}

Λ0 = {λ : Pr(Ŝ(λ) = S)→ 1 as (N, T )→∞}

Λ+ = {λ : Pr(Ŝ(λ) ( S)→ 1 as (N, T )→∞}

2When vit is conditionally homoskedastic across i, we have σ2
S2 = σ2

Sc =

Υ′SH
−1
0

{
limT→∞ T−1

∑T
t=1

∑T
k=1 x̃itvitvikx̃

′
it

}
H−10 ΥS and the limiting expression simplies to

N
(
0, σ2
S1 + δσ2

S2 − 2δσS1S2
)
.
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similarly as Hui, Warton and Foster (2015).3 We denote the post-LASSO version of θ̂(λ) by

θ̂Ŝ(λ),
4 the post-LASSO version of σ̂2(λ) by σ̂2

Ŝ(λ)
, where

σ̂2
Ŝ(λ)

=
1

NT

N∑
i=1

T∑
t=1

(
yit − x

′

itβ̂ − θ̂Ŝ(λ)

)2

,

and the post-LASSO BIC by BIC(λ),

BIC(λ) = log σ̂2
Ŝ(λ)

+
φNT
NT
|Ŝc(λ)|.

The following lemma shows that asymptotically a λ that yields an over-fitted or under-

fitted model can’t be selected by BIC(λ).

Lemma A.2 Suppose Assumptions 1 and 2 hold and there exists λ0 ∈ Λ0. Then,

Pr

(
inf

λ∈Λ−∪Λ+

BIC(λ) > BIC(λ0)

)
→ 1 as (N, T )→∞

Proof of Lemma A.2 (i) We first show Pr
(
infλ∈Λ−BIC(λ) > BIC(λ0)

)
→

1 as (N, T )→∞. Let λ− ∈ Λ−. Since Pr(Ŝ(λ−) ) S) → 1 as (N, T ) → ∞, for suffi-

ciently large (N, T ), we have

σ̂2
Ŝ(λ−)

=
1

NT

N∑
i=1

T∑
t=1

(
yit − x

′

itβ̂ − θ̂Ŝ(λ−)

)2

3Recall Assumption 2-(3): i) λT−1/2N1/2η−γ → 0; ii) λT (γ−1)/2(logN)−γ−1 → ∞ for some γ > 1.
Theorem 1 implies that, for λ ∈ Λ0, both i) and ii) must be satisfied. For λ ∈ Λ+, Assumption i) is satisfied,
but not ii), that is, λ is not large enough, so some zero inefficiencies are estimated as nonzero, resulting
in over-fitted models. For λ ∈ Λ−, ii) is satisfied, but not i), resulting in under-fitted models. In finite
samples under-fitted models include the cases where some efficient firms are estimated as inefficient, while
some inefficient firms are estimated as efficient. However, Theorem 1 and its proof imply that we can ignore
these cases asymptotically.

4These post-LASSO version estimates are simply least squares estimates given the estimated set of

efficient firms, ˆS(λ).
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=
1

NT

T∑
t=1

∑
i∈S

(
x′it(β0 − β̂)−

(
α̂Ŝ(λ−) − α0

)
+ vit

)2

+
1

NT

T∑
t=1

∑
i∈Ŝ∗

(
x′it(β0 − β̂)−

(
α̂Ŝ(λ−) − α0

)
− u0,i + vit

)2

+
1

NT

T∑
t=1

∑
i∈Ŝ∗∗

(
x′it(β0 − β̂)−

(
α̂Ŝ(λ−) − α0

)
+
(
ûi,Ŝ(λ−) − u0,i

)
+ vit

)2

where Ŝ∗ = Sc ∩ Ŝ(λ−) and Ŝ∗∗ = Sc ∩ Ŝc(λ−). Similarly, for large (N, T ),

σ̂2
Ŝ(λ0)

=
1

NT

N∑
i=1

T∑
t=1

(
yit − x

′

itβ̂ − θ̂Ŝ(λ0)

)2

=
1

NT

T∑
t=1

∑
i∈S

(
x′it(β0 − β̂)−

(
α̂Ŝ(λ0) − α0

)
+ vit

)2

+
1

NT

T∑
t=1

∑
i∈Ŝ∗

(
x′it(β0 − β̂)−

(
α̂Ŝ(λ0) − α0

)
+
(
ûi,Ŝ(λ0) − u0,i

)
+ vit

)2

+
1

NT

T∑
t=1

∑
i∈Ŝ∗∗

(
x′it(β0 − β̂)−

(
α̂Ŝ(λ0) − α0

)
+
(
ûi,Ŝ(λ0) − u0,i

)
+ vit

)2

Then, for large (N, T ), it can be verified that

σ̂2
Ŝ(λ−)

− σ̂2
Ŝ(λ0)

= δ

{
α̂Ŝ(λ−) − α0 −

1

δNT

T∑
t=1

∑
i∈S

(
x′it(β0 − β̂) + vit

)}2

+
1

N

∑
i∈Ŝ∗

{
α̂Ŝ(λ−) − α0 + ui,0 −

1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)}2

>
1

N

∑
i∈Ŝ∗

{
α̂Ŝ(λ−) − α0 + ui,0 −

1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)}2

=
1

N

∑
i∈Ŝ∗

 1

δ̂NT

T∑
t=1

∑
i∈Ŝ(λ−)

(
x′it(β0 − β̂) + vit

)
− 1

δ̂N

∑
i∈Ŝ∗

ui,0
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+ui,0 −
1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)}2

≥ 1

N

∑
i∈Ŝ∗


∣∣∣∣∣∣ui,0 − 1

δ̂N

∑
i∈Ŝ∗

ui,0

∣∣∣∣∣∣︸ ︷︷ ︸
(∗)

−

∣∣∣∣∣∣ 1

δ̂NT

T∑
t=1

∑
i∈Ŝ(λ−)

(
x′it(β0 − β̂) + vit

)
− 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣∣︸ ︷︷ ︸
(∗∗)



2

by the reverse triangle inequality and the fact that

α̂Ŝ(λ−) − α0 =
1

δ̂NT

T∑
t=1

∑
i∈Ŝ(λ−)

(
x′it(β0 − β̂) + vit

)
− 1

δ̂N

∑
i∈Ŝ∗

ui,0

where δ̂ =
∣∣∣Ŝ(λ−)

∣∣∣ /N . Also note that (∗) is Op(1) or has the rate of η which converges to

zero slower than (∗∗).

Therefore, for large (N, T ), we have

σ̂2
Ŝ(λ−)

− σ̂2
Ŝ(λ0)

> δ̂∗

{
=− 2 max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣
}2

(A.15)

where = = mini∈Ŝ∗
∣∣∣ui,0 − 1

δ̂N

∑
i∈Ŝ ui,0

∣∣∣ and δ̂∗ =
∣∣∣Ŝ∗∣∣∣ /N .

Finally, note that for any λ− ∈ Λ−,

BIC(λ−)− BIC(λ0) = log

{
1 +

σ̂2
Ŝ(λ−)

− σ̂2
Ŝ(λ0)

σ̂2
Ŝ(λ0)

}
− φNT

T
δ̂∗
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≥ min

{
log 2,

σ̂2
Ŝ(λ−)

− σ̂2
Ŝ(λ0)

2σ̂2
Ŝ(λ0)

}
− φNT

T
δ̂∗,

and log 2 − φNT

T
δ̂∗ > 0 as (N, T ) → 0 due to the condition that (φNT/T )1/2 η−1 → 0.

Therefore, to prove Pr
(
infλ∈Λ−BIC(λ) > BIC(λ0)

)
→ 1 as (N, T )→∞, it suffice to show

infλ∈Λ−

{
σ̂2
Ŝ(λ−)

− σ̂2
Ŝ(λ0)

2σ̂2
Ŝ(λ0)

}
− φNT

T
δ̂∗ (A.16)

is positive w.p.a.1 as (N, T )→∞.

Inequality (A.15) implies that (A.16) is asymptotically greater than

δ̂∗

2
σ̂−2

Ŝ(λ0)

{
=− 2 max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣
}2

− φNT
T

δ̂∗

=
φNT
T

δ̂∗

 1

2σ̂2
Ŝ(λ0)

((
T

φNT

)1/2
[
=− 2 max

1≤i≤N

∣∣∣∣∣ 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣
])2

− 1

 ,

which is asymptotically positive since σ̂2
Ŝ(λ0)

is bounded, = is Op(1) or Op(η) hence asymp-

totically dominates max1≤i≤N

∣∣∣ 1
T

∑T
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣ = Op

(
logN√
T

)
due to Assumption

2-(2)-(iii), and
(

T
φNT

)1/2

= →∞ by the condition that (φNT/T )1/2 η−1 → 0.

(ii) Next, we show Pr
(
infλ∈Λ+BIC(λ) > BIC(λ0)

)
→ 1 as (N, T )→∞. Let λ+ ∈ Λ+.

Similarly as in (i), for large (N, T ), it can be verified that

σ̂2
Ŝ(λ+)

− σ̂2
Ŝ(λ0)

≥ −δ̂◦
α̂Ŝ(λ0) − α0 −

1

δ̂◦NT

T∑
t=1

∑
i∈Ŝ◦

(
x′it(β0 − β̂) + vit

)
2

−δ̂◦◦ max
1≤i≤N

{∣∣∣α̂Ŝ(λ0) − α0

∣∣∣+

∣∣∣∣∣ 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣
}2

.
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where δ̂◦ = |Ŝ◦|/N and δ̂◦◦ = |Ŝ◦◦|/N with Ŝ◦ = S ∩ Ŝ(λ+) and Ŝ◦◦ = S ∩ Ŝc(λ+).

Therefore, to show Pr
(
infλ∈Λ+BIC(λ) > BIC(λ0)

)
→ 1 as (N, T )→∞, it suffices to

show

BIC(λ+)− BIC(λ0) ≥ φNT
T

δ̂◦◦ − δ̂◦

2σ̂2
Ŝ(λ0)

α̂Ŝ(λ0) − α0 −
1

δ̂◦NT

T∑
t=1

∑
i∈Ŝ◦

(
x′it(β0 − β̂) + vit

)
2

︸ ︷︷ ︸
(∗)

− δ̂◦◦

2σ̂2
Ŝ(λ0)

max
1≤i≤N

{∣∣∣α̂Ŝ(λ0) − α0

∣∣∣+

∣∣∣∣∣ 1

T

T∑
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣∣∣
}2

︸ ︷︷ ︸
(∗∗)

is positive w.p.a.1 as (N, T )→∞, which follows by the condition φNT/(logN)2 →∞ since

(∗∗) is greater than (∗), but (∗∗) = Op

(
(logN)2

T

)
because |α̂Ŝ(λ0) − α0| = Op(

1√
δNT

) due to

Theorem 2 and max1≤i≤N

∣∣∣ 1
T

∑T
t=1

(
x′it(β0 − β̂) + vit

)∣∣∣ = Op

(
logN√
T

)
.5 �

Next, to link the post-LASSO BIC and LASSO BIC, we show the following:

σ̂2(λ0)− σ̂2
Ŝ(λ0)

= op

(
1

NT

)
. (A.17)

Due to the shrinkage effect, we have σ̂2(λ0) − σ̂2
Ŝ(λ0)

> 0, and similarly as in the proof of

Lemma A.2 above, we can show that, for large (N, T ),

σ̂2(λ0)− σ̂2
Ŝ(λ0)

= δ

{
λ

2δNT

∑
i∈Sc

π̂i

}2

+
1

N

∑
i∈Sc

{
λ

2T
π̂i

}2

where we use the fact that α̂(λ0)−α0 = 1
δNT

∑T
t=1

∑
i∈S

(
x′it(β0 − β̂) + vit

)
− λ

2δNT

∑
i∈Sc π̂i

5Even when |Ŝ◦◦| is finite so δ̂◦◦ = O
(

1
N

)
as N → ∞, we obtain the same conclusion since δ̂◦ → δ in

this case, so (∗) = Op
(

1
NT

)
.
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and (α̂(λ0)− α0)− (ûi(λ0)− u0,i) = 1
T

∑T
t=1

(
x′it(β0 − β̂) + vit

)
− λ

2T
π̂i for i ∈ Sc w.p.a 1 as

(N, T )→∞. Then, using the results in the proof of Theorem 2, we have

σ̂2(λ0)− σ̂2
Ŝ(λ0)

≤ 1

NT

{√
(1− δ)2

4δ
λ

√
N

T
η̂−γ

}2

+
1− δ
NT

{
λ

2

√
N

T
η̂−γ

}2

= op

(
1

NT

)

since λ
√

N
T
η̂−γ = op(1).

Finally, (A.17) and the fact BIC(λ) > BIC(λ) for any λ due to shrinkage effect imply

BIC(λ)− BIC(λ0) > BIC(λ)− BIC(λ0) + op

(
1

NT

)
,

which gives

Pr

(
inf

λ∈Λ−∪Λ+

BIC(λ) > BIC(λ0)

)
→ 1 as (N, T )→∞.

This means that asymptotically a λ which yields an over-fitted or under-fitted model can’t

be chosen based on the BIC criterion, so the desired result follows. �
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B. Additional Simulations for δ ∈ {0.1, 0.9}

Table B.1: Estimation Accuracy: δ = 0.1

Point estimate
RMSE (α0 = 1) Rank correlation

(N, T) σu ÛLASSO ÛLSDV α̂LASSO α̂LSDV LASSO LSDV

(100, 10) 1 0.4537 0.8630 1.166 1.761 0.87 0.85
(0.1765) (0.1820) (0.272) (0.204) (0.041) (0.039)

(100, 30) 1 0.2623 0.4822 1.059 1.420 0.94 0.93
(0.0753) (0.1056) (0.143) (0.121) (0.019) (0.019)

(100, 50) 1 0.2014 0.3675 1.034 1.318 0.96 0.95
(0.0576) (0.0830) (0.108) (0.095) (0.013) (0.014)

(100, 70) 1 0.1733 0.3089 1.025 1.266 0.97 0.96
(0.0481) (0.0700) (0.095) (0.081) (0.011) (0.011)

(100, 10) 4 0.4987 0.7802 1.225 1.663 0.98 0.98
(0.1918) (0.1880) (0.294) (0.217) (0.006) (0.006)

(100, 30) 4 0.2818 0.4585 1.103 1.390 0.99 0.99
(0.1003) (0.1174) (0.168) (0.138) (0.003) (0.003)

(100, 50) 4 0.2136 0.3528 1.063 1.297 0.99 0.99
(0.0711) (0.0914) (0.124) (0.107) (0.002) (0.002)

(100, 70) 4 0.1722 0.2914 1.041 1.245 1.00 1.00
(0.0453) (0.0713) (0.089) (0.084) (0.001) (0.001)

(200, 10) 1 0.4011 0.9625 1.025 1.874 0.89 0.85
(0.0627) (0.1703) (0.153) (0.185) (0.029) (0.026)

(200, 70) 1 0.1661 0.3502 0.985 1.313 0.97 0.96
(0.0191) (0.0675) (0.053) (0.075) (0.008) (0.008)

(200, 10) 4 0.4327 0.8770 1.122 1.779 0.98 0.98
(0.0743) (0.1721) (0.178) (0.193) (0.004) (0.004)

(200, 70) 4 0.1614 0.3353 1.017 1.295 1.00 1.00
(0.0187) (0.0708) (0.057) (0.08) (0.001) (0.001)

(400, 10) 1 0.4168 1.0597 0.920 1.981 0.91 0.85
(0.0399) (0.1713) (0.086) (0.184) (0.021) (0.018)

(400, 70) 1 0.1794 0.3868 0.952 1.353 0.97 0.96
(0.0217) (0.0643) (0.039) (0.070) (0.005) (0.005)

(400, 10) 4 0.4097 0.9973 1.045 1.911 0.98 0.98
(0.0376) (0.1728) (0.123) (0.188) (0.003) (0.003)

(400, 70) 4 0.1577 0.3799 0.999 1.346 1.00 1.00
(0.0103) (0.0668) (0.039) (0.073) (0.001) (0.001)

(1000, 10) 1 0.4792 1.1787 0.822 2.108 0.93 0.85
(0.0430) (0.1546) (0.057) (0.164) (0.014) (0.011)

(1000, 10) 4 0.4158 1.1115 0.970 2.037 0.99 0.98
(0.0276) (0.1612) (0.081) (0.171) (0.002) (0.002)
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Table B.2: Estimation Accuracy: δ = 0.9

Point estimate
RMSE (α0 = 1) Rank correlation

(N, T) σu ÛLASSO ÛLSDV α̂LASSO α̂LSDV LASSO LSDV

(100, 10) 1 0.2772 1.0699 1.175 1.994 0.84 0.81
(0.1068) (0.1713) (0.144) (0.184) (0.133) (0.151)

(100, 30) 1 0.1415 0.6292 1.057 1.582 0.91 0.89
(0.0458) (0.0996) (0.153) (0.107) (0.090) (0.099)

(100, 50) 1 0.1046 0.4901 1.018 1.455 0.94 0.92
(0.0368) (0.0769) (0.186) (0.082) (0.068) (0.076)

(100, 70) 1 0.0886 0.4137 0.985 1.383 0.95 0.93
(0.0404) (0.0640) (0.228) (0.069) (0.053) (0.056)

(100, 10) 4 0.2744 1.0646 1.174 1.988 0.96 0.96
(0.1062) (0.1736) (0.120) (0.186) (0.038) (0.039)

(100, 30) 4 0.1382 0.6229 1.076 1.577 0.98 0.98
(0.0461) (0.0975) (0.056) (0.104) (0.026) (0.027)

(100, 50) 4 0.0980 0.4889 1.049 1.455 0.98 0.98
(0.0323) (0.0753) (0.039) (0.080) (0.018) (0.019)

(100, 70) 4 0.0799 0.4138 1.037 1.384 0.99 0.99
(0.0249) (0.0660) (0.031) (0.071) (0.018) (0.018)

(200, 10) 1 0.1991 1.1702 1.088 2.099 0.89 0.83
(0.0439) (0.1619) (0.064) (0.170) (0.075) (0.084)

(200, 70) 1 0.0683 0.4496 1.013 1.422 0.96 0.95
(0.0164) (0.0598) (0.067) (0.063) (0.028) (0.032)

(200, 10) 4 0.1992 1.1657 1.091 2.095 0.97 0.97
(0.0441) (0.1621) (0.061) (0.172) (0.019) (0.020)

(200, 70) 4 0.0628 0.4488 1.015 1.420 0.99 0.99
(0.0117) (0.0575) (0.017) (0.061) (0.007) (0.007)

(400, 10) 1 0.1718 1.2552 1.046 2.190 0.91 0.84
(0.0205) (0.1504) (0.036) (0.158) (0.048) (0.058)

(400, 70) 1 0.0656 0.4800 1.008 1.454 0.97 0.96
(0.0069) (0.0573) (0.011) (0.060) (0.017) (0.020)

(400, 10) 4 0.1727 1.2531 1.050 2.187 0.98 0.98
(0.0221) (0.1502) (0.035) (0.159) (0.010) (0.011)

(400, 70) 4 0.0591 0.4802 1.007 1.454 1.00 0.99
(0.0068) (0.0567) (0.010) (0.060) (0.003) (0.003)

(1000, 10) 1 0.1674 1.3605 1.016 2.301 0.93 0.85
(0.0112) (0.1436) (0.021) (0.150) (0.026) (0.035)

(1000, 10) 4 0.1641 1.3736 1.023 2.314 0.99 0.98
(0.0112) (0.1461) (0.019) (0.152) (0.005) (0.005)
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