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Section S.1 contains proofs of the technical lemmas and the corollary. Section S.2
derives limiting distributions when a linear trend is present. Section S.3 provides
simulation results. Section S.4 includes additional results and tables for the empir-

ical application on crime rate determinants.

S.1 Proof of Lemmas
Proof of Lemma B1 Recall ¢, = &+, where Ty = n ' Y0 | (it ™™ + € + 541 72) =

at—" + € + g7, We decompose 5 — 6 as

T -1 7
d—0 = (Zete{f) Zetet 5T A1T+A2nT+A3nT+A4nT)
where

T T T T T
Air = 0, Appr =T 0™, Agpr = 0, Asar =) 03", Asp =) 6,0,
t=1 t=1 t=1 t=1 t=1

When & ~ I(0), under Assumptions 1 and 2 by functional limit theory and weak con-
vergence to a stochastic integral (e.g., Ibragimov and Phillips (2008); Phillips (1988)), as

T — o0 .
1 N
T~ / Bo (r) dBe ().
0

Similarly, by Lemma 3.1 of Chang, Park, and Phillips (2001),

\/ﬁ -
T(3/2) 2nT — \/_/“L 3/2 Zet 1= ) )



as n,T — oo, where i = O,(n"*/?) and fol r~®dr = 1/(1 — k1) < 0o as we assume

k1 € (0,1/2). By Theorem 16 of Phillips and Moon (1999),

for ko € (0,1/2). Noting that

1 e ~
ﬁA&T ~ /0 By (r) By (r)/ dr,

we therefore have

160~ ([ By () B () ir) B / By (1) dBe (1),

0

as n, T — oo because it is assumed that n/T" — co. When & ~ I(1), under Assumptions

1 and 3, A; r dominates all other terms in the numerator, where

1 b
e~ [ Bo()Be(r)ar
0

and hence the desired result follows. O

Proof of Lemma B2 First note that

Snﬂf = %Zl <—<8\— (5)/6)75 + ft -+ Iit)Q s (S].)

where x;; = o; + ;. When & ~ I(1), 5—6 = O,(1) from Lemma B1 and the term
—(& — 8)'6, + & dominates z; in (S.1). It follows that

(T7] 9 T - 2
o Zr (1) = %;Z{(& ~G-0r8) ~ 23 (6~ G- oye.) }+o,,(1).

s=1



Note that

(7] )
L:SZ%V(& - (5\—5)’0t)2 ~ /0 S(Be (s) — D5By (S)>2 s
t=1
1 (Tl 1T R o ;o . |
7 T g (6= G0) [l [ (B Dis (o)

where .

o= ([ BBy a) [ B s wa

from Lemma B1l. The desired result follows since

Be (s) — D;Bg (s)

— Be(s)— /0 ' Be () B (v) dv ( /0 By () B, (u)’du)l By ()

1 N —1
= weWi (s) — we / Wi (v) W (v) dvy? (Q;/2 / Wm(y)Wm(y)’dyQ;/Q)
0
= weV(s)"?,
from (B.1). O

Q2 W (s)

Proof of Lemma B3 From the supplementary proof given below, the leading terms of

Zur (1) are
— [Tr] T
Zur(r) = Zt( Z&) Z%Zt{t‘%—fzs—m}
T 22 t {5?&2%2 - = ;sfss%} + 0, (max{T%?2 T?725"})

=1
= Cip(r) + Copr(r) + Cnr(r) + 0, (max{T?’/?, T2—2/§*}) 7

where £* = K1 A Kg. For Oy 1(r), with E& = ag < 00, we have

[Tr]

1 RS
T3/201T() - Ts/zzt{ & _Ué Z & _‘75 }
s:l

(8.2)



(Tr]

1 T(e2 _ 2 1 ~ 1 2 _ 2
= mzt(t—%)—ﬁzt'ﬁZ(@—%)

t=1 t=1

~ / gngg(S) - / gdSBff(l)
0 0
= (,L)gé/ gdB(S), (S?))
0
where Bge(s) = weeW (s) with standard Brownian motion W(s) and standard Brownian
bridge B(s) = W(s) — sW(1). For Cy,(r), note that
(Tr]

T
1 ~ 1 " 1 1
—T2_2H1 E t{t_%ﬂ — T E 8_2K1} — / (S — §> (8_2'L€1 — 1 o ) dS =q (ﬁl; T) < o0,
s=1 0 - 1

t=1

for k1 € (0,1/2), and hence

where Euf = 07, < oo. For Cs,p(r), as Ee, = 02, < oo for each i, note that

(Tr]

Zt {Eztt_Q’iQ _ T Z 82 —252}
[Tr] (1] 1 T
= { ) — } + 02, Zt {t‘Q’” - > 3—2“2}
s=1 s=1

— T( 2&2 (T2 2&2)

M%

by Lemma 3.1 of Chang, Park, and Phillips (2001). It follows that

[T'r]
1 1
FmChrt) = O Yt S e 1y

s=1

= 0lq(kyr) + Op(l),

2
7,187,

where lim,, ,oon™!' > " = 02 < 0o. Under n/T — oo, the desired results follow by

combining these three terms and verifying the leading terms for each case. [

Proof of (S.2) in Lemma B3 When & ~ 1(0), 6 — 6 = O,(T~1) from Lemma B1 and
the term & + x;; dominates (;5\— 0)'0; in (S.1). Therefore, the leading terms of Z,r (r) are
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given as

1 n [TT}A/ 1 T
Ezzt{(&f—i_wzt - Z £s+xzs }
s=1

i=1 t=1

[Tr] (Tr] n [Tr] T
D R S B o R S KT D o EERS Y
i=1 t=1
= Zl,T ( ) + 2ZQ’HT ( ) + Zg nT (7”)
where 7, = n'Y" | xy. The first term Z; 7 (r) is the same as Cy7(r) in (S.3) in the

proof of Lemma B3 and hence Z; 1 (r) = O,(T%/?).

For the second term Zs 1 (), since T = & + it ™" + € + &t "2,

(] (7]

Zynr (r) = thta‘l'z ftt K1) ”_I_Z ftﬁt +Z ft&ft K2 )

_ Op (n 1/2T3/2—|—n 1/23/2=k1 4 = 1/2T3/2—|—n 1/23/2~ 52).

The first two elements are obtained similarly as Z; r (r) for

nl/2 [Tr] (Tr]
W;tita = Tg/zztst Vna = 0, (1)
nl/2 [Tr}~N 1 [Tr]~N
o 2L NG00 = Y &) - i = 0, (1),

where Ea; = Eu; = E& = 0, k1 € (0,1/2). The remaining two elements are similarly
obtained from Theorem 16 of Phillips and Moon (1999) because

/2 (Tr] o [Tr]
T3/2 Zt(éta) - \/— Z T3/2 Z (i) = 0, (1)
t=1
T2 > HgEtre) = Jn Z T3]3 rn D H&eat ) = 0, (1),
t=1 =1 t=1

for E¢ep = E&ie; = 0 and ko € (0,1/2).
For the third term Zs,r (1), since 2%, = o + p2t=21 + €2, + 4t 2" + 2(aput ™" +



Qi€ + QERt T + i€t T 4 pient T T2 4 64t 2), a similar derivation yields

[T7] n  [T7] n [Tr]
Zsur (r) = Y (). Zuz+ ZZt )+ = ZZH%%)
t=1 i=1 t=1 i=1 t=1
[Tr]~ n n [T7]
+2 Z t(t_'ﬂ . Z oGl + — Z Z teztaz + — Z Z HQ‘S’Lt i
t=1 i=1 t=1 i=1 t=1
n [Tr] n [Tr] n  [Tr]
= ZZ (e s + ZZ (t=m1=rac ) s + Zzt (t 2 eueq)
i=1 t=1 =1 t=1 i=1 t=1

_ Op (T2—2}-£1 4 n_1/2T3/2 + T2—2H2)
+Op (n71/2T27N1 + n*1/2T3/2 + n71/2T3/27K2)
+Op (n—1/2T3/2—Iﬂ + n_1/2T3/2_51_52 + n_l/QTg/Q_HQ) ,

as K1, ke € (0,1/2), Eyp; = Eeyey = 0, Ep? < oo, and lim, oon > 1, “ < oo with

02- = Ee?. Note that the first and the third elements of Zsnr (1) are respectively the

same as Co,,r(r) = O, (T*721) and Cs,,7(r) = O, (T*722) in the proof of Lemma B3.
The desired result follows because n/T — oo ensures that the dominating terms

are Zy 7 (r) = O,(T%?) and the first O, (T?72%1) and the third O, (T?%%) elements of

Zs ot (r) for any k1, ke € (0,1/2).

Proof of Lemma B4 Since

Znr (1)

> ()2

and T3 Zt (1)? = 1/12, the result readily follows from Lemma B2 for the case & ~ I(1).

When & ~ I(0), note that

/0 B (s) = /0 W (5) ~ N (0, 1—12> | (S.4)

as fol sds = 0. The result then follows from Lemma B3 since ¢ (k;1) = —k/{2(1 — k) (1 — 2K)}
and ¢ (1/4;1) = —1/3. O

¢ =



Proof of Lemma B5 Recall u; = §nt — Eb}? Lemmas B2 and B4-(i) yield that

[Tr] [Tr] [Tr]

o> = Ti,ztsm 52 D00V

t=1 t=1

- wg/o §{7(3)ds—12w§/01'ﬁ‘~/(u)dy-/or(§)2ds
_ wg/org{f/(s)—5(/01(ﬂ)Zdu)_l/Olﬂf/(y)du}ds
_ wg/OTE’VT(s)ds

for fo )>dv = 1/12 and hence

Tﬁﬁ\IjnT (b) = % Z Z K (t;bs> (at%) (asg)

T T
t=1 s=1
1

D

4
3

&

/1 0 K(T;8> BV (1) VT (s) drds,

0

using similar steps as in Sun (2004). O

Proof of Lemma B6 When x; A ko > 1/4, Lemmas B3-(i) and B4-(ii) yield

[Tr] [Tr]

T3/2 Ztut - T3/2 Ztsnt - T3/2¢ T3 Z

- W /0 ngB(s)—m% / 5dB (v /0 ()2 ds
= wfgforg{dza(s)—gd% > ydB }

= wss/ SAWT (s),
0

where W7(r) is a standard second-level Brownian bridge (e g., MacNeill (1978)) defined
as W7 (r) =W(r)—rW(1)+6r(1—r){(1/2)W fo (s)ds}, which is linearly L0, 1]
demeaned and detrended standard Brownian motion. Note that

dB (s) — 3ds ( /0 1 (D)? du) /0 1 vdB (v)
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<
|
I

— AW (s) — dsW(1) — (s - %) as12 [ (

W) - /01 W) dv — %W(l)}

S—

;) AW (v)

— AW (s) — dsW(1) — (3 - %) ds12

N = —A

- dW(s)—dsW(1)+6(1—23)ds{ W(l)—/()lW(u)du}

= dW7(s),

from (S.4) and by using integration by parts. Hence,

rouee = A3 @

t=1 s=1

- w&// (t_s)??dWT(r)dWT(s),

similar to Kiefer and Vogelsang (2005).

When k1 A kg = 1/4 we consider the case k1 = 1/4 < ko; other cases can be obtained

by the same derivation. From Lemmas B3-(ii) and B4-(ii), we have

(Tr] N 1 ;
1 T -~ ~
—T3/2Zt@t ~ {wgg/ sdB(s)+an(1/4;r)} - {12%5/ vdB (v) —402}/ (3)%ds
t=1 0 0 0
= we / SAWT (s) + o, / 5((3f1/2)+4§) ds
0 0
r 0_2
= w&&/ §{dWT (s) + L (s7% + 45 — 4) ds} ,
0 w,

133

—_~—

where ¢ (1/4;7) = [, $(s~1/?)ds and fol v~Y2dy = 2, which yields the desired result above.
Finally, when k1 A ky < 1/4, we consider the case where k1 < k3. From Lemmas

B3-(iii) and B4-(ii), we have

(Tr] [Tr] [Tr]

1 1+2k
T2—21 ;tut T2 21 Ztsﬂt T 1¢ T3 Z
T~ 6r102 r
P 2 ~ 0—2K 14 2
=0 s(s—2r1)ds + / s5) ds
e i @

U 6r1s — (1 + 2K1)
:(72/5{5 1 }ds
’ 0 (1—:‘%1)(1—21'11)




The desired result follows in a similar way to the above. [

Proof of Corollary 1 Let Zir(r) = ?[21] tAy. When & ~ I(0), similar to the proof

of Lemma B3 the dominant terms of Z;r(r) can be obtained as

[ (7]

[Tr]
Zir(r) = Z & + €)% + 2y Zf(& + €i1) + p? Zf(t—zm)
= t=1 t=1
+2047;,U,i Z t(t—m) + 0, (min{T3/2, T272/@1 ’ CZwQﬂ.@1 })
t=1

= ZiT,l(T) + ZiT,Q (’I“) + ZiT,B (7") + ZZ‘T4(T’) + op(min{T3/2, T2_2H1 y TQ_HI})
= 0, (T*?) + 20,0, (T*?) + 130, (T*7*) + 20,11;0,, (T*™").. (S.5)

If ap; # 0 and |agu;| < oo a.s., the dominant term of Z;r(r) becomes Z;7.4(r), from

which

1\ 1 —— —12Kr 0 4
Tl—Hﬂ/\i: <_) 2041 Z/ 'Ijl/—nl dl/+0 1 — 1066 g +O 1 :
2= g5) 20 | B0, (1) = G0, (1)

and
(T'r]

T2 - Z T 2aiui{/org(8/\/)ds— 12/01 (/\/m)dy/or (D)lej} +o,(1)

aipif (1, k1)
(1 — /11)(2 — /11)

+ 0,(1),

where f (r;k) = k(4r3 — 6r* + 3r) — (2 — K)(r* — r +7r17%) + 2(1 — k)r?>~". Therefore,

T2(2 . ZZK ('t_8|) (tir) (Stis)

t=1 s=1

_ ((1_H‘j‘1“2%_m> // (T_S) (ri k1) [ (53 1) drds + 0y (1),

and hence

T1+I{1 9’5

7:01_([)) _ 1/2
{(FS007) e SL S () () G}




_ —r1sgn (ovt;) =+ 0, (1), (S.6)

{fol Jo K (552) f (rs k) £ (s; m)drds}l/

where sgn(c) = 1{c > 0} — 1{c < 0}.
If a;p; = 0 a.s., the dominant terms of Z;p(r) are different depending on the values
of a; and p;. First, if a; = 0 and p; # 0 as., Ziri(r) and Zyp3(r) terms in (S.5) are

dominant for k1, ke € (0,1/2). In this case, conditional on y;, we can derive

T323; ~ N (0,12w2) if k< 1/4
T35, ~ N (—4p2,12w2)  if ky =1/4
T1+2H1g/5i £> (1_51_)6(1;1—251)/%2 if k1 > 1/4

similar to Lemma B4 and where w? is the long run variance of (& + €;)?, and the limit of
S I 8, is obtained as in Lemma B6 by replacing A(r) and X*(r) with (4r + 712 —4) p?
and c(k1;7)p?, respectively. From these two results, the limit of T, (b) is obtained as in
Theorems 1 and 2, giving a form similar to that of 7,(b): Fy(b), negatively-shifted F(b), or
a negative degenerating point that only depends on k1. Second, if a;; # 0 and p; = 0 a.s.,
Zira(r) + Zir2(r) are dominant for any sq, k2 € (0,1/2), and we obtain 7, (b) ~» Fy(b)
as T — oo, whether A;; is negatively associated with ¢ or unassociated with ¢. Finally, if
a; = p; = 0 as., Zypa(r) term is dominant for any sy, ke € (0,1/2), and we can derive
the identical results as the second case.

When & ~ I(1), the dominant terms of Z;r(r) are the same as those in Lemma B2,

and hence the limiting distribution remains the same. [

Remark S (Choice of critical values) This corollary shows that, when & ~ I(0)
and a;p; = 0 a.s., T, (b) converges to Fy(b), negatively-shifted Fy(b), or a negative point
given in (23), depending on the value of x;. Unlike 7,(b), however, it converges to Fy(b)
for any x; € (0,1/2) if p; = 0. Hence, T, (b) cannot fully distinguish the case where
A;; is negatively associated with ¢ from the case where A;; is unassociated with ¢t. On
the other hand, when o;u; > 0 a.s., a direct calculation yields that the limit of 7, (b)
in (S.6) for any k; € (0,1/2) has range [—25.91,—15.03] for b = 0.1, [—19.50, —10.96]
for b = 0.2, [-16.37,—9.25] for b = 0.3, [—14.57,—8.26] for b = 0.4, which are far below
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the degenerating point given in (23). Based on these findings and from the fact that
we consider a one-sided test, we use the fist-stage test critical value ¢; = —1.2 for our
empirical analysis, which is near the 10th percentile of F}(b), whether a;u; > 0 or a;p; < 0

a.s.

S.2 Limiting Distributions when Linear Trends Exist

Nonstationary variables often exhibit linear trends, which can be modeled using a random
walk process with a drift. As discussed in Remark 3, we suppose the nonstationary

common trend 7; satisfies
Tt =Tie1+ Cr +Erp = Crt + Gy (S.7)

for some ¢, # 0, where (;; = 22:1 e+ with e, ~ I(0) and 79 = 0. 6; is generated as

either of the following:

(random walk) O =01+ ot = Cou

(random walk with drift) 6, = 6,1 + cp + o+ = cot + (p; for some ¢y # 0,

where (p; = Zizl g9 with gg; ~ I(0) and 6y = 0. For simplicity, suppose 6; € R! and

consider the following feasible cases.

Case S1: 6, is a random walk with drift and & is stationary without trend

Suppose 6; = cot + (o and & = 7 — 06, = (¢ — dcg)t + (Cre — 0Cp.t), where (¢ — dcg) =0
and (Cry — 6Cpt) ~ 1(0). This is the case when an appropriate 6, was chosen so that
it shares both the deterministic and stochastic trends with 7, in (S.7). In other words,
the linear combination 7, — 06, with d eliminates both the linear trend and the stochastic
trend, and hence the cointegration error & is a mean-zero stationary process without a

linear trend. In this case, similar to the proof of Lemma B1, it can be shown that

S ber TN (ol + G+ 0, (1) cowe Jy FAWA(r)

T32(5 — §) = e _ G
RS R T3 Y (ot + o) 3 J, (7)dr
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For S, ; in (S.1), since 5—6 = O,(T~3/2), the term (3\— 9)6; is still dominated by the other
terms & + x;; as in the original case without linear trends. Therefore, all the lemmas for
the case where £ ~ 1(0) do not change and the limiting distribution of 74(b) remains the

same as in Theorems 1 and 2. O

Case S2: 0, is a random walk with drift and & is a random walk  Suppose
0; = cot + Cor and & = 7, — 90 = (¢; — Ocg)t + (Gre — 9Cp,e), Where (¢, — dcg) = 0 but
(Crt—0Cgs) ~ I(1). This is the case when §; only shares the linear trend of 7 in (5.7), but
the detrended processes do not have a cointegrating relation. In other words, the linear
combination 7, — 06; with ¢ eliminates the linear trend but not the stochastic trend. In

this case, similar to the proof of Lemma B1, we can show that

Tl/Q(Eg\_ §) = T2 Zt (Cﬂt + CH £)& + 0, (1) - Cole fol Wi (r)dr
-3 Zt:1<00t + Ce,t) c fol (r)2dr

= Ds 4,

and thus, for S, ; in (S.1), the term & — (S— )0, still dominates x;. It follows that

T3 Zr(r)
:%%g{(ft—(é\_&(c&t‘l‘@t) 1ZT:< 5 5 093+<6s)>2}+0p(1)

T - T 1
~ / 5(Be (s) — Dy aces)” ds — / §ds/ (B¢ (s) — Ds.acos)’ ds
0 0 0

r
—~

= w; i sVa (s)ds,

1 1 -1 2
(B¢ (s) — Ds.acos)’ = {BE (s) — cowe | Wi(v)vdy (cg/ Dady) 093}
0 0

_ wg{wl (s)—/ol W (1) (/01(5)2@)_15}2

= w?VA (s),
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and wg is the long run variance of &. Therefore, following the proofs of Lemmas B4 and

B5, the limiting distribution is obtained as

T3 7,7 (1) (T3 Myp) ™" Jo TVa (r)dr

%(b): 1 _141/2 ~
{2 M) T () (T9My) } T LYK (552) TRV (1) Vi (s) drds )

1/2°

where My = 3. (£)? and

O

Case S3: 0, is a random walk and ¢ contains a linear trend Suppose 6; = (y
and & = 7, — 00, = ¢;t + (-t — 0Cp). This is the case that a 6, that does not contain a
linear trend is incorrectly chosen. Then the uncontrolled linear trend of 7;, ¢, t, dominates
Cet = Crt — 0Cp+ in the regression error &. In this case, whether (¢; is I(0) or I(1), we

can show that 8 — oo because

T2 5 Oert + G +0, (1) o fy rBo (r)dr

-1/2(5 &\ _
roesy T2, (6,2 Jo B} (r)dr

= D;s p,

and hence, for S,; in (S.1), the term & — (3— 9)0; dominates z;. Following the same

steps as in Case S2 above,

T_4ZnT(T)

1 [Tr]~ R ) | T R )
:ﬁ;t{<(07t+<§t)_(5_5)9t> _T2<(CTS+C§S)—(5—5)6Q> }+op(1)
B IR ) SR

0 0
_C / ~VB
where

(¢;s — Ds By (s))* = {CTS—CT /0 1 vBy (v) dv ( /0 1 B2 (v) du) h By @)}2
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Figure S1: Limiting distributions of T4(b) with linear trends

1 — 0035 —
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(a) CDF’s (b) Left-tail zoom of CDF’s

Note: The figure on the left depicts the four CDF’s of the limiting distributions. The black
solid line is F(b), which also applies for Case S1 when min{k;,x2} > 1/4 as in Theorem 1; the
black dotted line is for Case S2; and the red dash-dotted line is for Case S3. The blue dashed
line is Fy(b) without trend, as given in Figure 3. All the distribution functions are simulated
with b = 0.1 and T' = 5,000 using 10,000 replications. The figure on the right zooms in on the
left-side tails of the CDF’s.

- cz{s—wg /01 v W (V) d (wg /01 ’W;(y)dy)
{s - /0 T () ( /0 1 W,i(u)dy) . (s)}2

= AV (s),

-1

weWi, (s)}

= CT

and w? is the long run variance of 6;. Therefore, the limiting distribution is obtained as

T4 2, (1) (T3 M7) " 3 7V (r) dr

Ts(b) = i 12
(T 3Me) T80 () (T2 M)} {3 [V K (552) 75VE (1) VG (s) drds |

1/27

where V7 (r) is defined as in (S.8) with Vz. O

When &, is stationary without trend (hence 7, and 6, are cointegrated), Case S1 shows

14



that the limiting distribution of 74(b) remains the same as those in Theorems 1 and 2,
even when 7; and 6; have deterministic trends. If 7; and 6; are not cointegrated (Case S2),
or when the linear trend is not properly controlled for and hence & is trend-stationary
(Case S3), the limiting distributions of 7;(b) are pivotal and behave in a similar way as the
case of & ~ I(1) in Theorem 1. Under the latter cases S2 and 53, S,,; would be positively
associated with ¢, and the test 7,(b) should not reject ¢ > 0. Figure S1 depicts the the
CDF’s of the limiting distributions of those cases with linear trends and their left-side
tails. It shows that the the left tails of the cases S2 and S3 are much thinner than that of
Fy(b). Therefore, the test 7,(b) can be applied whether or not the nonstationary latent
trend 7; contain deterministic trends over the stochastic trends, using the same critical

values from Fy(b) as given in Tables 7 and 8.

S.3 Simulations

We use the following data generating process

Yie = a;i+ T+ 1y (S.9)
A A N

T o= 20, +&

0, = 01 +coy,

where a;, €; and eq; are #WdN (0,1); p; ~ @idN (0,02) and g ~ @dN (0,0%). The

> = 02 = 0%, and the decay rates are the same

variances of u; and €; are the same o
K1 = Ko = k. When 7; and 6, are cointegrated, we let & ~ #dN (0,1); when they are not
cointegrated, we let A& ~ #dN (0,1). We simulate 5,000 times to obtain the rejection
probabilities of 77 (b) with the critical value —1.961 for a 5% significance level from Table
1, where we use the Bartlett kernel and b = 0.1 in HAR estimation. The same simulations
were conducted with 74(b), giving similar results and are omitted.

Table S1 presents the rejection probabilities of the test statistic 7:1)0(0.1) under the

null case (i.e., Theorem 1) that S, ; is not negatively associated with ¢. The first two

panels consider two scenarios: (i) the & ~ I(0) case where 7; and 6; are cointegrated, but
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Table S1: Rejection Probabilities under the Null Cases

T
n 25 20 100 200 400

Fo(b) 25 0.052 0.056 0.045 0.041 0.047
(Case S1) 50 0.053 0.051 0.051 0.050 0.043
100 0.052 0.052 0.049 0.049 0.045

200 0.051 0.054 0.051 0.051 0.053

400 0.053 0.054 0.047 0.050 0.050

Fi(b) 25 0.033 0.029 0.032 0.030 0.025
50 0.032 0.030 0.028 0.027 0.021

100 0.032 0.030 0.028 0.027 0.030

200 0.033 0.028 0.031 0.024 0.030

400 0.029 0.031 0.033 0.032 0.026

Case S2 25 0.018 0.008 0.006 0.006 0.005
50 0.019 0.012 0.007 0.007 0.002

100 0.020 0.009 0.005 0.006 0.004

200 0.017 0.013 0.005 0.005 0.006

400 0.015 0.008 0.006 0.007 0.004

Case S8 25 0.015 0.012 0.010 0.010 0.010
50 0.012 0.012 0.010 0.009 0.013

100 0.014 0.012 0.012 0.010 0.010

200 0.011 0.013 0.012 0.013 0.010

400 0.011 0.012 0.013 0.012 0.009

Note: ‘Fy(b)’ is when v — 8’0, = & ~ I(0) but z}, is not weakly o—convergent (also for Case
S1); ‘Fy(b) is when & ~ I(1); ‘Case S2’ is when & ~ I(1) and 6, imposes a linear trend; ‘Case
S3’ is when &; is trend-stationary.
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Table S2: Rejection Probabilities under Alternative Cases

k= 0.20 k =0.25
T T

o? n 25 50 100 200 400 25 50 100 200 400
1 25 0.218 0.255 0.283 0.338 0.378 0.233 0.258 0.266 0.294 0.304
20 0.245 0.291 0.338 0.358 0.401 0.258 0.289 0.316 0.311 0.321
100 0.269 0.301 0.338 0.403 0.445 0.285 0.298 0.315 0.346 0.352
200 0.286 0.314 0.355 0.387 0.453 0.299 0.310 0.330 0.330 0.351
400 0.295 0.320 0.366 0.397 0.444 0.309 0.317 0.336 0.340 0.348
3 25 0.629 0.747 0.832 0.886 0.924 0.674 0.749 0.803 0.825 0.845
50 0.716 0.808 0.875 0.933 0.953 0.752 0.804 0.841 0.886 0.887
100 0.761 0.856 0.921 0.943 0.974 0.785 0.846 0.887 0.895 0.921
200 0.799 0.873 0.927 0.949 0.976 0.814 0.861 0.898 0.906 0.926
400 0.813 0.883 0.924 0.965 0.977 0.827 0.873 0.896 0.923 0.925
5 25 0.840 0.921 0.971 0.990 0.996 0.878 0.929 0.964 0.975 0.979
20 0.907 0.968 0.988 0.997 0.999 0.926 0.967 0.979 0.991 0.992
100 0.944 0978 0.993 0.998 1.000 0.951 0975 0.989 0.993 0.996
200 0.958 0.986 0.996 0.999 1.000 0.963 0.983 0.992 0.996 0.998
400 0.963 0.989 0.997 0.999 1.000 0.967 0.987 0.993 0.996 0.996
10 25 0.967 0.996 1.000 1.000 1.000 0.985 0.998 1.000 1.000 1.000
20 0.994 0.999 1.000 1.000 1.000 0.996 0.999 1.000 1.000 1.000
100 0.996 1.000 1.000 1.000 1.000 0.997 1.000 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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v(&%,t) dominates y(RY,t) as in (16); and (ii) the & ~ I(1) case where 7y and 6; are not
cointegrated as in (15). For these scenarios, we set x¥, = ¢; with 0% = 1, where & is very
close to zero and hence the dominance of &’s variance makes the other decaying terms
irrelevant. The last two panels consider the cases with trends discussed in Section S.2:
(iii) Case S2, where & ~ I(1) and 6; imposes a linear trend; and (iv) Case S3, where & is
trend-stationary but 6, does not have a linear trend. We let ¢, = ¢y = 0.5. We find that
size is well controlled even in small samples. Furthermore and as discussed in Section S.2,
the cases with linear trends belong to the null case.

These results are also consistent with the shapes of the limiting distributions given
in Figure S1, where both Fi(b) (blue dashed line) and the distribution of Case S3 (red
dash-dotted line) stochastically dominate Fy(b) (black solid line). While the distribution
under Case S2 does not stochastically dominate Fy(b), it also has a positive mode like
Fy(b) and a thin left tail, so that it does not affect our one-sided test.

Table 52 summarizes the rejection probabilities of 7;50(0.1) under the alternative case
(i.e., Theorem 2) that S,,; is negatively associated with ¢t. We consider x € {0.20,0.25}
and change the values of 0% € {1,3,5,10}. As predicted from Theorem 2, the rejection
probability (i.e., power of the test) improves as o2 gets large, which is because the variance
ratio w? between z}, and & increases. (Recall the variance of & is fixed as unity and hence

w? = o2 here.) Power improves with increasing sample sizes n, T as well, with the effect
of T" being more pronounced.
Next, we consider the partial convergence case by introducing 4% of non-convergent

panels into the sample, which are generated as

Yie = a; + 7, + €5,
where the idiosyncratic term €2° ~ #id/N (0, 4) does not exhibit weak o—convergence. For
the stochastic process 7;'¢, we examine two specifications: one where it is cointegrated
with 6, (Table S3) and another where it is not (Table S4). In comparison, convergent
panels are generated following (S.9) with x = 0.25. From Remark S, we set the selection
threshold ¢; at {—0.7,—1.2, —1.7}, corresponding approximately to the 15th, 10th, and
5th percentiles of F7(0.1), respectively.
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Table S3: Subgroup Selection Probabilities (77 is cointegrated with 6;)

cp = —0.7 cp=—1.2 cp =—1.7
T T T
o? n o0 100 200 50 100 200 50 100 200
Pr(i € G(A)|i ¢ G(0))

3 50 0276 0265 0254  0.169 0.142 0.141  0.083 0.072 0.086
100 0.269 0.266 0.248 0.154 0.139 0.140 0.082 0.073 0.075
200 0.280 0.281 0.264 0.161 0.152 0.139 0.083 0.079 0.076

10 50 0.268 0.271 0.246 0.137 0.154 0.127 0.074 0.067 0.071
100 0.273 0.291 0.237 0.158 0.167 0.147 0.085 0.085 0.079
200 0.276 0.266 0.260 0.152 0.154 0.127 0.079 0.078 0.067

Pr(i € G(0)]i € G(6))

3 50 0571 0616 0.646 0423 0466 0492  0.282 0.328 0.364
100 0.576 0.607 0.632 0.423 0.456 0.492 0.287 0.321 0.360
200 0.570 0.615 0.629 0.419 0.464 0.480 0.279 0.318 0.356

10 50 0.777 0.855 0.892 0.652 0.755 0.821 0.509 0.619 0.712
100 0.777 0.851 0.892 0.650 0.752 0.815 0.501 0.618 0.698
200 0.778 0.850 0.895 0.651 0.750 0.815 0.502 0.615 0.695

“Enriched” Pr(i € G(A)]i € G(8))

3 50 0954 0967 0975 0943 0.960 0.970  0.928 0.950 0.964
100 0.967 0975 0.984  0.959 0.968 0.980  0.948 0.961 0.975
200 0.974 0.983 0.987 0.967 0.978 0.985 0.958 0.972 0.982

10 50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

19



Table S4: Subgroup Selection Probabilities (77 is not cointegrated with 6;)

cp = —0.7 cp=—1.2 cp =—1.7
T T T
o? n o0 100 200 50 100 200 50 100 200
Pr(i € G(A)|i ¢ G(0))

3 50 0.101 0.104 0.116  0.059 0.072 0.093  0.034 0.034 0.051
100 0.128 0.101 0.095 0.088 0.068 0.058 0.049 0.037 0.031
200 0.105 0.098 0.100 0.069 0.064 0.063 0.040 0.039 0.031

10 50 0.119 0.100 0.101 0.065 0.074 0.062 0.036 0.042 0.034
100 0.098 0.094 0.095 0.065 0.066 0.070 0.034 0.035 0.031
200 0.108 0.093 0.096  0.068 0.062 0.071  0.036 0.037 0.032

Pr(i € G(0)]i € G(6))

3 50 0.610 0.679 0725 0471 0.543 0.606  0.329 0.409 0.474
100 0.614 0.673 0.723 0.471 0.538 0.601 0.335 0.404 0.471
200 0.611 0.678 0.717 0.471 0.549 0.598 0.331 0.409 0.467

10 50 0.801 0.883 0.928 0.686 0.797 0.873 0.549 0.685 0.786
100 0.801 0.881 0.926 0.683 0.797 0.871 0.545 0.682 0.783
200 0.801 0.881 0.925 0.687 0.797 0.868 0.547 0.680 0.784

“Enriched” Pr(i € G(A)]i € G(8))

3 50 0.947 0.946 0.929 0.939 0.949 0.947 0.922 0.945 0.958
100 0.958 0.954 0.947  0.953 0.959 0.964  0.944 0.958 0.970
200 0.965 0.961 0.950 0.961 0.970 0.964 0.954 0.969 0.975

10 50 0.993 0.979 0.969 0.996 0.984 0.956 0.996 0.989 0.960
100 0.994 0.980 0.967 0.997 0.985 0.968 0.998 0.990 0.973
200 0.995 0.982 0.975 0.997 0.986 0.974 0.998 0.990 0.975
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Tables S3 and S4 report the selection probabilities of both non-convergent panels,
Pr(i € GO)|i ¢ G(A)), and convergent panels, Pr(i € G(8)|i € G(A)). These results
are based on 2,000 simulations using the iterative procedure detailed in Appendix A.3,
with the stopping rule |§(7”) — g(”*l)\ < 0.001. As anticipated, the selection test becomes
more conservative as ¢; decreases. The enrichment step (“Enriched” Pr(i € G(0)|i €
G(0))) given in Appendix A.4 ensures that convergent panels are correctly identified. The
probability of correct selection increases with o2, reflecting the improved power of the
subgroup selection test. While increasing 1" improves overall selection accuracy, increasing

n specifically benefits the enrichment stage.

S.4 Supplementary Results for the Crime Rate Ap-
plication

Table S5 provides summary statistics, data sources, and details of the data used in the
crime rate applications. All values in the table are presented in levels (i.e., before log-

transformation). Tables S6 and S7 report the results in Tables 3 and 6, respectively, but

with the trend determinant variables for 6, lagged by two periods, instead of one.
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Table S5: Data Description and Summary Statistics

Mean Std. dev. Min Max Period Source
Violent Crimes
All Violent Crime 431.29 212.88  56.85 1244.33 1987-2021 FBI UCR
Assault 277.60 143.95 34.09 785.72 1987-2021 FBI UCR
Robbery 110.20 81.50 6.40 624.66 1987-2021 FBI UCR
Homicide 5.40 3.06 0.16 20.35 1987-2021 FBI UCR
Property Crimes
All Property Crime 3424.69 121091 964.70 7819.90 1987-2021 FBI UCR
Burglary 735.78 350.37  73.73 2294.26 1987-2021 FBI UCR
Larceny 2358.46 769.40 71191 5106.13 1987-2021 FBI UCR
Motor Vehicle Theft 330.45 19794  29.52 1157.66 1987-2021 FBI UCR
Trend Variables
population (age 10-19) 13.92 0.10 12.76 14.69 1986-2020 Census
population (age 20-29) 14.44 0.20 13.36 17.76  1986-2020 Census
population (age 30-39) 14.77 0.27  12.87 17.06 1986-2020 Census
population (age 40-49) 13.68 021 10.94 15.38  1986-2020 Census
police officer 2.21 0.02 2.03 2.41 1986-2020 FBI UCR
incarceration 2.09 0.07 1.14 2.59  1986-2020 BJS
real GDP 50016.86 1312.64 36698 62606 1986-2020 FRED

Notes: (i) FBI UCR is the FBI Uniform Crime Report; Census is the U.S. Census Bureau;
BJS is the Bureau of Justice Statistics; FRED is the Federal Reserve Economic Data at the

St. Louis Fed.

(ii) All ‘Crimes’ are defined as the number of crimes per 100,000 popula-

tion; ‘population’ is the percentage of the population in each specific age group (Demog =
log(population)); ‘police officer’ is the number of non-civilian police officers per 1,000 popula-
tion (Police = log(police officer)); ‘incarceration’ is the incarceration count per 1,000 population
(Prison = log(incarceration)); ‘real GDP’ is real GDP per capita in 2017 dollars (RGDP =

log(real GDP)).
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Table S6: Long-Run Trend Determinants for Violent Crimes (with 2-year lagged variables)

Crime 0, J se(0) se”(0)  Tp(0.1)  TP(0.1)

Violent Demog 3.684* 0.323 0.249  -7.858* -9.346*
Police -0.924 1.285 1.444 n.a. n.a.
Prison -0.885* 0.208 0.214 0.380 0.541
RGDP -1.458* 0.142 0.132 66.116 7.435

Assault Demog 3.127* 0.366 0.288  -4.124* -9.247*
Police -0.802 1.100 1.275 n.a. n.a.
Prison -0.778* 0.197 0.190 0.500 0.919
RGDP -1.221* 0.163 0.149 35.386 5.968

Homicide Demog 3.124* 0.531 0.546 -6.514* -3.538*
Police -2.056 1.180 1.260 n.a. n.a.
Prison -0.973* 0.182 0.159 0.055 1.294
RGDP -1.189* 0.267 0.250 11.161 2.606

Robbery Demog 5.780* 0.587 0.578 -20.075* -2.582*
Police -0.532 2.072  2.259 n.a. n.a.
Prison -1.184* 0.323 0.401 -0.668  -1.287
RGDP -2.367* 0.209 0.213 84.106 2.806
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Table S7: Long-run Trend Determinants for Property Crimes (with 2-year lagged vari-
ables)

Crime 0, J se(d) se°(0)  T,(0.1) 745(0.1)  Group

Property Demog n.a. n.a. n.a. n.a. n.a. 0
Police 0.280 1.500 1.760 n.a. n.a. n.a.

Prison -0.910* 0.220 0.360 -3.054* -3.461* 40

RGDP n.a. n.a. n.a. n.a. n.a. 0

Burglary Demog 3.370* 0.500 0.550 -11.708* -12.086* 1
Police  0.570  2.150  2.400 n.a. n.a. n.a.

Prison -1.100* 0.340 —  -3.094* — 42

-1.090* — 0.500 — -3.245* 43

RGDP -3.900* 0.320 —  -1.260 — 1

n.a. — n.a. — n.a. 0

Larceny Demog 2.080* 0.450 0.400 -1.623 -1.688 1
Police 0.310 1.320 1.590 n.a. n.a. n.a.

Prison -0.830* 0.200 0.320 -2.948" -3.488* 40

RGDP -2.270* 0.160 —  -1.238 — 1

n.a. — n.a. — n.a. 0

Motor Vehicle Theft Demog 5.862* 0.420 0.491 -17.238*  -2.387*
Police -0.682 2.261 2.377 n.a. n.a.
Prison -1.389* 0.302 0.385 -1.097  -1.046
RGDP -2.278* 0.189 0.281  53.495 1.571
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