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1 Proof of Lemma A1

For  =
P∞

=0
− , we first derive the following lemma.

Lemma B1 Under Assumptions E and S, for fixed  and ,
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Proof of Lemma B1 We derive that
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since Γ0 is symmetric.

Proof of Lemma A1 Since  0
−1 = −1 − ·−1,
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. Second, we have

1



X
=1

X
=1

 0
−1

00
−1 =

1



X
=1

X
=1

Ã
−1 − 1



X
=1

−1

!Ã
 0
−1 −

1



X
=1

 0
−1

!

=
1



X
=1

X
=1

−1 0
−1 −

1



X
=1

X
=1

−1

Ã
X
=1

 0
−1

!
= 21 ( )− 22 ( ) ,

where

plim
→∞

21 ( ) =

X
=1

E

⎛⎝ ∞X
=0

−−1

⎞⎠Ã ∞X
=0

 0−−1
0
!

=

X
=1

∞X
=0

E
¡
−−1 0−−1

¢
0 = Γ0

and using Lemma B1

plim
→∞

22 ( ) =
1



X
=1

( −)
−1 ¡

 −
¢
Γ0 +

1



X
=1

n
( −)

−1
³
 −(−)

´
Γ0

o0
= ( −)

−1
µ
 − 1


( −)

−1 ¡
 −

¢


¶
Γ0

+

½
( −)

−1
µ
 − 1


( −)

−1 ¡
 −

¢¶
Γ0

¾0
.

2 Proof of Lemma A2

We let bΓ = (1 )
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−1+ for  = 0 1. The first derive the following lemmas.
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Lemma B2 For large  ,
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Proof of Lemma B2 Since Assumptions S and E imply that  = (−1) and  is bounded,
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bounded, the remaining results readily follows.

Lemma B3 Under Assumptions E, S, I and NT,
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Proof of Lemma A2 We observe that
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1 In the proof of Theorem 2, we state that

 ·  (Γ |0 − Γ

 |
0 )0 → −

√
Ω0 as  → ∞. In order to

prove this result, however, we also need to check the conditions for joint probability limit as in Theorem 1 of Phillips

and Moon (1999) since we are considering probability limit of double indexed process. In this case, the integrability of
=1(

0
−1

00
−1 − Γ0) is to be verified. (From Lemma A1, all other conditions are obviously satisfied.) Note thatE

=1


 0
−1

00
−1 − Γ0

 ≤


=1
E

−1 0

−1 − Γ0
+  1 E



=1
−1



=1
 0−1


≤

( −)−1
 {k −k+ k( − )k} kΓ0k ∞

because Assumptions S and E imply that , ( −)−1,  and Γ0 are all bounded for large  since || ( −)−1 || ≤∞
=0


 ∞ and k k ≤


=1

−1 ≤∞
=0


 ∞.
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