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1 Proof of Lemma Al

For V;, = Z?io AIU; 4, we first derive the following lemma.

Lemma B1 Under Assumptions FE and S, for fived T and t,
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Proof of Lemma B1 We derive that
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Proof of Lemma A1l Since V b1 = Vig—1 — Vi.—1,
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with M = epe;,. Second, we have
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and using Lemma B1
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2 Proof of Lemma A2

We let fj =1/NT)YE S, V& V% 1, for j =0,1. The first derive the following lemmas.



Lemma B2 For large T,

Gon=(1/T)Q+0(T7?),
G =(1/T)QA +0(T7?),
Gio = (02/T) (I, — A" (I, + O (T™Y)) M = (6*/T) (I, — A" M + O (T7?).

Proof of Lemma B2 Since Assumptions S and E imply that Hr = O(T~!) and A is bounded,
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bounded, the remaining results readily follows. m

Lemma B3 Under Assumptions E, S, I and NT,
;N
ﬁ Z Z vec (Vi,t_lUi”t) —a N (0, o? (M ® Fo)) as N, T — oo jointly.
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Proof of Lemma B3 We first check the generalized Lindeberg-Feller condition for joint (i.e., double
indexed) asymptotic normality as in Theorem 2 of Phillips and Moon (1999). As discussed in Hahn and

Kuersteiner (2002), a sufficient condition for the theorem to hold is that E Kl/ﬁ) Zle <p’Vi7t_1ui,t} !
is bounded uniformly in ¢ and T for all nonrandom vector ¢ € RP such that ¢’ = 1. Recall that
Ui = eujy = (um,O, cee ,0)/, and thus we only need to look at the moment condition of the first
column of Vi,tfle'Ct to check if this condition holds. We let z; s = @'V y_1u; = Z;io O AU, 41— jui g,
then Ez;; = 0 and Ez;;2; s = 0 for ¢ # s since w;¢ is i.i.d. It follows that E [(1/\/T) 23:1 2”]4 =
(11?2, Bz}, + (1/T%) 30,4, B2? B27 . We observe that
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since ]]:']AjUi,t,1,]»Ui’,t_1_kA”C =0if j # k; and T if j = k. Moreover,
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and if we define a random variable w; = <p'AjUZ-,t,1,j with Ew; = 0 then
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where K (wj,wg, wy, wy,) is the forth order cumulant of w;. Note that similarly as ]Ez%t, we have

B (wjwy) = 02¢’ ATM A" if j = k and zero otherwise. Therefore,
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since ka,l,mzo |IC74174..,44 (AjUi,t,l,j,AjUi,t,l,j,AjUi,t,l,j,AjUi,t,l,jH < 00, which is by Lemma
1 in Hahn and Kuersteiner (2002) for u;; is i.i.d. and it has finite eighth moments (Assumption E).
As a consequence, we have E((1/v/T) Zle zi+)* < oo, which provides a sufficient condition for the
generalized Lindeberg-Feller condition (Phillips and Moon, 1999, Theorem 2). For the variance term,
note that
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E;_1 () is the conditional expectation given {u;s:s <t, for all i} and E;_4 (Ui,tU{,t) =E (Ui,tUZ‘/,t)
because u;; is i.i.d. Note that vec(U;;) = vec (U{yt) = U,;; and we use the identity vec(BC) =
(I ® B)vec(C). =



Proof of Lemma A2 We observe that
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By Lemma B3, vec(Cs1(N,T)) —q N (0,02 (M ®Ty)) as N,T — oco. For Cs(N,T), it can be
shown that Csa(N,T) —, /ko?(I, —A)"' M as N,T — oco. This result requires integrability of
(1/T) Zle Z?Zl Vit—1U] ; to satisfy the conditions for joint probability limit in Phillips and Moon
(1999, Theorem 1), which indeed directly follows from Ci5 (N, T) in the proof of Lemma A1.! Therefore,
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Tn the proof of Theorem 2, we state that /N/T - T(féf‘x — Fg‘X)A’ —p —/EQA" as N,T — oo. In order to
prove this result, however, we also need to check the conditions for joint probability limit as in Theorem 1 of Phillips
and Moon (1999) since we are considering probability limit of double indexed process. In this case, the integrability of
Z?:I(%?t71%?£71 —To) is to be verified. (From Lemma A1, all other conditions are obviously satisfied.) Note that
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because Assumptions S and E imply that A, (I, — A)fl, THrp and I'g are all bounded for large T since || (Ip — A)’l || <
720 149 < oo and ITH|| < T2y [|A*H] < 3252 [|47]] < oo
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